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Abstract

To describe the behaviour of beams which are loaded on a torsional force it is
possible to make use of the Saint-Venant formula, if the beam is unconstrained
on both sides. This theory can be used regardless the cross-sectional dimensions
of the beam. If the beam is only constrained at one side and unconstrained at
the other side, it is possible to make use of the Vlasov torsion theory to describe
the behaviour of the beam, however this theory is proven only for open cross-
section. In this report it is attempted to prove the Vlaslov torsion theory for
rectangular solid cross-sections and for rectangular closed tube cross-section.

It is important to describe a proper method to validate the Vlasov torsion theory.
The beam will be constrained only at one side and a torsional external moment
will work at the free end of the beam. During the whole validity process it has
been chosen to keep the material properties and the external moment the same
in order to compare the results. The length of the beams are kept variable to
see what the influence is of the length of the beam on the accuracy of the Vlasov
torsion theory. First, the maximum horizontal displacement and the maximum
normal stress has been calculated by use of the Vlasov equations. Second, the
maximum horizontal displacement and the maximum normal stress have been
calculated by use of the FEM software Abaqus. These outcomes have been
compared with each other by use of a ratio check, namely if the maximum error
is within 15 percent it can be stated that the theory is valid for the tested beam
length.

From the obtained results it can be stated that the Vlasov torsion theory seems
to be valid regarding the maximum horizontal displacement for the rectangular
solid cross-sections and the rectangular closed tube cross-sections. The obtained
results for the maximum normal stress exceed the maximum allowable error of
15 percent. Regarding the obtained results for the maximum normal stress, the
Vlasov torsion theory can not be declared valid for the mentioned cross-sections.
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1 Introduction

1.1 Problem description

The first theory that was published to describe the behaviour of beams loaded
with a torsional moment is the theory of Saint-Venant. The theory of Saint-
Venant can be used for beams which can warp and rotate unimpededly. This
theory can be used for all different types of cross-sections. In 1933 the Vlasov
torsion theory was published, this theory describes the behaviour of thin walled
beams which are prevented of rotation and warping on one side of the beam.
Since these profiles are often loaded on torsional forces which can cause warping
of the thin walled beams, this theory is mostly relevant for thin walled profiles
(P.C.J.Hoogenboom, 2008).

Figure 1: Top views of two I-sections considering respectively the set-up for the
Saint-Venant theory and the Vlasov torsion theory (P.C.J.Hoogenboom, 2008)

The Vlasov torsion theory is only proven for thin walled cross-sections, there-
fore it is not allowed to use the Vlasov torsion theory for other cross-sections.
Because of this limitations commercial framework programs make only use of
the theory of Saint-Venant. If a constrained thin walled profile is modelled in
these framework programs and is tested on a torsional moment the program
gives a warning. Because of this limitations the engineer needs to perform hand
calculations to describe the behaviour of the mentioned thin walled beam. To
unburden the engineer and to improve the framework programs it would be ideal
if it can be proven that the Vlasov theory is valid for all types of cross-sections
(P.C.J.Hoogenboom, 2008). Therefore, the research question can be formulated
as:

Is the Vlasov torsion theory valid for rectangular solid cross-sections and for
rectangular closed tube cross-sections?
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1.2 Approach

The first step is to understand the equations derived from the Vlasov torsion
theory. After the theory is understood it is possible to apply the Vlasov torsion
theory for a determined system. In this report the FEM software Abaqus will be
used to check the results obtained by use of the Vlasov torsion theory. Abaqus
will be used on the online workstation of the TU Delft. Which means that the
used software is not limited in performing element calculation, due to licence
limitations. By use of this software it is attempted to prove the validity of
the Vlasov torsion theory. Furthermore the influence of the mesh size on the
accuracy of the obtained results will be discussed. The length of the beams that
will be checked is variable, this will be done to check the influence of the beam
length on the accuracy of the results.

1.3 Previous performed studies

A study about the given research question has been performed by a couple
of Bsc students. The first study that has been performed, was done by T.B
Raaphorst. From this study it can be concluded that the results are positive
for the mentioned cross-sections, however the done calculations have been per-
formed for only a length of 2540 mm (T.B Raaphorst, 2020). The Vlasov torsion
theory needs to be checked on a couple of lengths before it can be valid for the
mentioned cross-sections. A follow up study has been performed by A.Yildirim,
from this study it can be concluded that the stresses calculated with the FEM
software were a factor 10 bigger then the calculated values from the Vlasov
torsion theory (A.Yildirim, 2021). Due to the inconsistent results a follow up
study has been performed by F.Hilmer to prove the validity of the Vlasov torsion
theory for rectangular solid cross-sections and for rectangular closed tube cross-
sections . The results from this report were promising, however not conclusive
enough to prove the validity. The outcomes of the Vlasov torsion theory has
been compared with the outcomes obtained from the Finite Element Method
software Ansys. Due to the limitation of the element calculations performed by
the used student version of Ansys it was not possible to prove the validity of
the Vlasov torsion theory (F.Hilmer, 2021).
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2 Method

In this chapter the method will be described for the validity of the Vlasov
torsion theory. It is essential that a method will be formulated, which makes it
possible to perform the check for beams with different types of cross-sections.

2.1 Vlasov Torsion Theory

Before a method can be described to test the validity of the Vlasov torsion
theory it is important to understand the theory and the equations which can
be derived from this theory. The Vlasov torsion theory can be described by the
following formula (P.C.J.Hoogenboom, 2008):

ECw
d4φ

dx4
−GIw

d2φ

dx2
= mx (1)

E = Young’s modulus [MPa]

Cw =Warping constant [mm6]

φ = Angular deviation [rad]

G = Shear modulus [MPa]

Iw = Torsional moment of inertia [mm4]

mx = Distributed torsional moment along the beam [Nmm
mm ]

The warping constant can be described by the following formula:

Cw =

∫
A

ψ2dA (2)

The Bi-moment can be described by the formula:

B = −
∫
A

σxxψdA (3)

If warping of a cross-section is constrained, then a Bi-moment will work in the
constrained side of the beam. By solving the differential equation it is possible to
determine the Bi-moment. Thereafter the wringing moment can be determined:

B = −ECw
d2φ

dx2
(4)

Mw = GIw
dφ

dx
+
dB

dx
(5)

By combining formula’s 4 and 5 it is possible to derive a differential equation
for the torsional moment:
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GIw
dφ

dx
− ECw

dφ3

dx3
=Mw (6)

The characteristic length can be determined by use of the formula:

lc =

√
ECw

GIw
(7)

2.2 Set up of the system

The beam that will be tested has to be constrained at one side and be free
of any constraining at the other side. At the constrained side warping and
angular displacement will be hindered. At the free side a torsional moment will
be introduced.

Figure 2: Set up of the system

It has been chosen to model a beam of the material structural steel (F.Hilmer,
2021). Structural steel has the following material properties:

Table 1: Material properties of the beam

material property value
E 210000[N/mm2]
v 0.29[−]
G 81000[N/mm2]

The only external Load that will work on the beam is a torsional moment,
which will be equal to :

Table 2: External torsional load on the beam

External Load value
T 106[Nmm]
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2.3 Cross-sectional properties

In order to solve the Vlasov equation it is necessary to determine the cross-
sectional properties of the chosen cross-sections that will be analysed. 3 param-
eters are necessary to solve the equation: the Torsional moment of inertia [Iw],
the Warping constant [Cw] and the Warping function [ψ]. These parameters
are dependent of the dimensions of each cross-section. In this validity process
a rectangular solid cross-section and a rectangular closed cross-section will be
analysed.

The torsional moment of inertia for a solid rectangular cross-section can be
determined by use of the formula (Paul A. Seaburg, 2003):

Iw =
hb3

3
;
b

t
≥ 10 (8)

The torsional moment of a inertia for a closed rectangular cross-section with a
thickness t can be determined by use of the formula (Paul A. Seaburg, 2003):

Iw =
2t2b2h2

bt+ ht
;
b

t
≥ 10 (9)

The formula for the warping constant is described in paragraph 2.1. The warping
constant is dependent of the dimensions of the cross-section and the warping
function. The warping function describes the deformation of a cross-section
(P.C.J.Hoogenboom, 2008).

If the dimensions of the cross-section are determined, it is possible to model the
cross-section in the software program Shapebuilder. This program returns all
the cross-sectional parameters including the three mentioned parameters who
are needed to solve the Vlasov equation.

2.4 Aplication of Vlasov torsion theory

In this paragraph the application of the Vlasov torsion theory will be described
for the mentioned set up in paragraph 2.2 . The following boundary condition
can be derived from the chosen set up (P.C.J.Hoogenboom, 2008):

Constrained at x = 0:

1) φ(0) = 0,

2)
dφ

dx
(0) = 0

Free support and external torsional moment at x = L:
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3) GIw
dφ

dx
(L)− ECw

dφ3

dx3
(L) = T,

4)
dφ2

dx2
(L) = 0

Since the differential equation described by Vlasov is a fourth power differential
equation, at least four equations are needed to solve this equation. The made
set up satisfies this requirement. By use of the software Maple the differential
equations can be solved. By solving this equation two relevant properties of the
beam will be derived. The rotation of the beam and the maximum longitudinal
(normal) warping stress in the beam.

Figure 3: Rotation of a rectangular cross-section (P.C.J.Hoogenboom, 2008)

By use of the rotation of the beam it is possible to determine the maximum
displacement of the beam. To make it possible to compare the outcomes it has
been chosen to determine only the horizontal displacement. Since the chosen
cross-sections are rectangular it is possible to determine the horizontal displace-
ment by use of the formula :

umax,horizontal = φ ∗ 0.5h (10)

The maximum longitudinal (normal) warping stress can be formed by combining
the formulas 2 and 3 and solving it for σxx (P.C.J.Hoogenboom, 2008):

σxx = − B

Cw
ψ (11)

σxx = The maximum longitudinal (normal) warping stress [N/mm2]

B = maximum bimoment [Nmm2]

Cw =Warping constant [m6]

ψ = normalized unit warping [mm2]
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2.5 Finite Element Method calculations

To check the validity of the outcomes from the Vlasov equations a Finite Ele-
ment Method software will be used to calculate the behaviour of the analysed
beams. In the previous done study by F.Himler these calculations were done
by a FEM software which was limited in its element calculations. It is expected
that due to this limitations it was not possible to formulate a decisive con-
clusion about the validity of the the Vlasov torsion theory for the mentioned
cross-section. In this report a FEM software will be used which can perform
element calculation without any restrictions. The software Abaqus will be used
to perform the calculations. To make it possible for third parties to perform
the same calculations, a small instruction manuel will be given about the steps
that need to be taken to get the right outcomes in Abaqus.

Before the Abaqus software can be used it is important to perform the steps
mentioned in the paragraphs 2.2, 2.3 and 2.5. By performing these steps the
needed parameters and boundary conditions will be obtained.
The first step is to model the dimensions of the beam in Abaqus. Which can
be done in the model window using the parts module. First the cross-sectional
dimensions have to be modelled followed with the length of the beam. After the
dimensions are modelled it is important to assign the whole beam to a section
assignment. It is important to assign the section as a homogeneous solid beam.
If the beam is assigned to a section it will be possible to model the material
properties of the beam. This can be done in the module property. The me-
chanical properties need to be determined, in order to be more specific it is
important to change the elastic material behavior. In this window it is possible
to apply the desired Young’s modulus and the Poisson’s ratio according to the
chosen material.
After the material properties are determined it is possible to model the bound-
ary conditions of the beam. According to the set up in chapter 2.2 the beam
needs to be constrained at one side. This can be done in the load module by
making use of the Boundary conditions tab. The surface of the to constraining
part should be selected first, after the selection is approved it is possible to
encastre the chosen section.
The last mechanical step is to apply the load on the beam. Before we can
apply a load it is necessary to determine the location of the load. The torsional
moment should be located at the unconstrained part of the beam. It is important
to apply this moment at the centre of the cross-section. First, the coordinate
system needs to be placed at this location. Then, it is possible to make this point
visible by making use of the tools tab and creating a reference point. Now it is
possible to assign a load to the created reference point. This can be done under
the load module. It is important to apply the moment in the right direction so a
torsional moment will be created. There are 3 options CM1(moment around the
x-axis), CM2(moment around the y-axis) and CM3(moment around the z-axis).
The coordinate system has been placed so that the z-axis is the depth of the
beam. Thus, to apply a torsional moment CM3 should be chosen.
Before the model can be run, the mesh size should be determined. First, a
random value has to be chosen for the element size, thenit is able to run the
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model. If the running has been completed, it is possible to view the results. If
the results do not approach the desired values, a solution could be to refine the
mesh size to a smaller value. This step can be iterated until the desired value
is approached sufficiently.

After the results are obtained it is important to process the results correctly.
For this research the maximum horizontal displacement and the maximum lon-
gitudinal (normal) stress should determined. In the visualization module it is
possible to display the desired displacement and stresses. The coordinate sys-
tem has been placed so that the horizontal displacement will happen in line with
the x-axis, therefore the maximum horizontal displacement can be found under
the U1 tab. The maximum longitudinal (normal) stress will be in the same
direction as the z-axis, so to display this stress the tab S33 should be used.

Figure 4: Orientation of the coordinate system

2.6 Validation of the results

If the results from the Vlasov equation and from the FEM software calculations
are obtained, it is possible to compare these results. The validation will be done
by use of a ratio check of the results. It is given that an error of maximum 15%
is allowed for engineering purposes. This ratio check will be performed for both
cross-section with variable length. This will be done to analyse the influence of
the length of the beam on the validity of the Vlasov torsion theory.

Ratio =
value obtained from V lasov theory

value obtained from FEM software
(12)

8



3 Results

In this chapter the results of the calculation will be described. The calculations
will be performed for a rectangular solid cross-section and a rectangular closed
cross-sections. These calculations will be performed for various lengths of each
cross-section. The set up of the system and the material properties can be found
in chapter 2.2.

3.1 Rectangular solid cross-section

3.1.1 Cross-section properties

The dimensions of the cross-section are given in figure 5 it has been chosen to
have a width height ratio of 1:1.5 . The first beam will have a length of 150
[mm] each following beam will have a two times bigger length as the previous
one (F.Hilmer, 2021). It has been chosen to check 5 beams, the lengths of the
beams can be found in the table below .

Figure 5: Dimensions of the solid cross-section

Table 3: Lengths of the tested beams

beam beam length
beam 1 150 [mm]
beam 2 300 [mm]
beam 3 600 [mm]
beam 4 1200 [mm]
beam 5 2400 [mm]

By use of the cross-sectional dimensions, the cross-sectional properties are de-
termined with the software Shapebuilder:
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Table 4: Cross-sectional properties of the beams

cross-sectional property value
Iw 2.94 * 107 [mm4]
Cw 3.79 ∗ 109[mm6]
ψ 1.4 ∗ 103[mm2]

3.1.2 Beam 1

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set-
up has been determined. These calculations have been performed in maple for
the determined properties of beam 1. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.005506[rad]

umax,horizontal = 0.0413[mm]

σmax = 67.3666[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results for the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 6 and 7 .

Table 5: Results of the FEM calculations for the different element sizes

element size [mm] maximum displacement [mm] maximum stress[N/mm2]
5 0.04230 38.06
3 0.04230 46.02
2 0.04228 52.73
1.8 0.04228 54.57
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Figure 6: Maximum Displacement of beam 1

Figure 7: Maximum Stress of beam 1

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 1.8 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.0413 [mm]

0.04228 [mm] = 0.977

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 67.3666 [N/mm2]

54.57 [N/mm2] = 1.23

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
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to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.

The obtained outcomes have also been compared with the results obtained
by F.Hilmer (F.Hilmer, 2021). The set-up, material properties, cross-sectional
properties, length and mesh size are kept the same to have a proper comparison
of the results. From this comparison it can be seen that the outcomes obtained
by use of the Vlasov torsion theory are exactly the same. Regarding the maxi-
mum horizontal displacement and the maximum normal stress, there were some
significant differences for the values obtained by use of the FEM softwares An-
sys and Abaqus. The maximum displacement determined by use of the Abaqus
software approaches the results obtained by the Vlasov torsion theory better
then the Ansys software. But the maximum normal stress is approached better
by use of the Ansys software compared to the Abaqus software.

To check the model on inconsistent results it has been chosen to check the model
on singularities. This has been done by first changing the boundary conditions of
the model. In the used model the beam was constrained on all axes (encastred).
To check if singularity has took place in the fully constrained model, it has been
chosen to repeat the FEM calculations with only the z-axis being constrained.
The results that are obtained are from the smallest possible mesh size of 1.8
mm. From the results in figure 9, it can be concluded that singularity due to
fixed x and y can be excluded, because the stresses are almost similar to the
obtained results from the fully constrained model. The horizontal displacements
gets significantly less accurate if only the z-axes is constrained, as can be seen
in figure 8 . Regarding the values obtained for the maximum stresses it can be
observed that the difference is approximately 1.4 percent between the obtained
stresses.

Figure 8: Maximum Displacement of beam 1 only constrained in the z-axis
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Figure 9: Maximum Stress of beam 1 only constrained in the z-axis

3.1.3 Beam 2

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 2. The performed calculations can be found
in Apendix A. From these calculations we can derive the following outcomes:

φ = 0.001177[rad]

umax,horizontal = 0.08831[mm]

σmax = 67.3666[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 10 and 11 .

Table 6: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
6 0.08935 36.33
3 0.08922 46.74
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Figure 10: Maximum Displacement of beam 2

Figure 11: Maximum Stress of beam 2

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 3 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.08831 [mm]

0.08935 [mm] = 0.988

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 67.3666 [N/mm2]

46.74 [N/mm2] = 1.441

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.1.4 Beam 3

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 3. The performed calculations can be found
in Apendix A. From these calculations we can derive the following outcomes:

φ = 0.002431[rad]

umax,horizontal = 0.1823[mm]

σmax = 67.3666[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 12 and 13 .

Table 7: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
7 0.1838 33.38
3 0.1834 46.74

Figure 12: Maximum Displacement of beam 3
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Figure 13: Maximum Stress of beam 3

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 3 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.1823 [mm]

0.1834 [mm] = 0.994

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 67.3666 [N/mm2]

46.74 [N/mm2] = 1.44

From the performed unity checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.1.5 Beam 4

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 4. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.004938[rad]

umax,horizontal = 0.3704[mm]

σmax = 67.3666[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below. The
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 14 and 15 .

Table 8: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
9 0.3733 30.08
3 0.3718 46.74

Figure 14: Maximum Displacement of beam 4
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Figure 15: Maximum Stress of beam 3

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 3 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.3704 [mm]

0.3717 [mm] = 0.997

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 67.3666 [N/mm2]

46.74 [N/mm2] = 1.44

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.1.6 Beam 5

Calculations Vlasov theory

In chapter 2.4 the application of the Vlasov theory for the mentioned set up
has been determined. These calculations have been performed in maple for the
determined properties of beam 5. The performed calculations can be found in
Apendix A . From these calculations we can derive the following outcomes:

φ = 0.009953[rad]

umax,horizontal = 0.7465[mm]

σmax = 67.3666[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 16 and 17.

Table 9: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
12 0.7547 25.69
6 0.7496 36.33

Figure 16: Maximum Displacement of beam 5
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Figure 17: Maximum Stress of beam 5

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 6 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.7465 [mm]

0.7496 [mm] = 0.996

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 67.3666 [N/mm2]

36.33 [N/mm2] = 1.85

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.2 Rectangular closed cross-section

3.2.1 Cross-section properties

The dimensions of the cross-section are given in figure 18 it has been chosen to
have a width height ratio of 1:1.5 and a thickness of 10 mm . The first beam
will have a length of 150 [mm] each following beam will have a two times as
big length as the previous one (F.Hilmer, 2021). It has been chosen to check 5
beams the lengths of the beams can be found in the table below .

Figure 18: Dimensions of the rectangular closed cross-section

Table 10: Lengths of the tested beams

beam beam length
beam 6 150 [mm]
beam 7 300 [mm]
beam 8 600 [mm]
beam 9 1200 [mm]
beam 10 2400 [mm]

By use of the cross-sectional dimensions the cross-sectional properties are de-
termined with the software Shapebuilder:

Table 11: Cross-sectional properties of the beams

cross-sectional property value
Iw 1.45 ∗ 107[mm4]
Cw 9.187 ∗ 108[mm6]
ψ 1 ∗ 103[mm2]
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3.2.2 Beam 6

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set-
up has been determined. These calculations have been performed in maple for
the determined properties of beam 6. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.001171[rad]

umax,horizontal = 0.08785[mm]

σmax = 140.9137[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results for the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 19 and 20 .

Table 12: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
2.5 0.09201 79.34
1 0.09202 111.9

Figure 19: Maximum Displacement of beam 6
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Figure 20: Maximum Stress of beam 6

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 1 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.08785 [mm]

0.09202 [mm] = 0.951

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 140.9137 [N/mm2]

111.9[N/mm2] = 1.259

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.2.3 Beam 7

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 7. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.002451[rad]

umax,horizontal = 0.1838[mm]

σmax = 140.9137[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 21 and 22 .

Table 13: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
3 0.1881 70.24
2 0.1880 82.89

Figure 21: Maximum Displacement of beam 7
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Figure 22: Maximum Stress of beam 7

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 2 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.1838 [mm]

0.1880 [mm] = 0.978

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 140.9137 [N/mm2]

82.89 [N/mm2] = 1.7

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.2.4 Beam 8

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 8. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.005011[rad]

umax,horizontal = 0.3758[mm]

σmax = 140.9137[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below. and
the visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 23 and 24 .

Table 14: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress[N/mm2]
4 0.3803 53.73
2 0.3805 73.81

Figure 23: Maximum Displacement of beam 8
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Figure 24: Maximum Stress of beam 8

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 2 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.3758 [mm]

0.3805 [mm] = 0.987

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 140.9137 [N/mm2]

73.81 [N/mm2] = 1.91

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.2.5 Beam 9

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 9. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.001013[rad]

umax,horizontal = 0.7597[mm]

σmax = 140.9137[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 25 and 26 .

Table 15: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
5 0.7638 43.99
2 0.7641 71.98

Figure 25: Maximum Displacement of beam 9
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Figure 26: Maximum Stress of beam 9

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 2 mm.

Maximum displacement check :

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 0.7597 [mm]

0.7641 [mm] = 0.994

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 140.9137 [N/mm2]

71.98 [N/mm2] = 1.958

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.2.6 Beam 10

Calculations Vlasov torsion theory

In chapter 2.4 the application of the Vlasov torsion theory for the mentioned set
up has been determined. These calculations have been performed in maple for
the determined properties of beam 10. The performed calculations can be found
in Apendix A . From these calculations we can derive the following outcomes:

φ = 0.02037[rad]

umax,horizontal = 1.5276[mm]

σmax = 140.9137[N/mm2]

Calculations Finite Element Method

The calculations performed with the Finite Element Method have been per-
formed for different element sizes as has been described in chapter 2.6. The
results from the different element sizes can be found in the table below and the
visual display of the maximum displacement and the maximum stress of the
smallest mesh size can be found in respectively figure 27 and 28 .

Table 16: Results of the FEM calculations for different element sizes

element size [mm] maximum displacement [mm] maximum stress [N/mm2]
7 1.529 40.01
3 1.531 60.58

Figure 27: Maximum Displacement of beam 10
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Figure 28: Maximum Stress of beam 10

Comparison of the results

The comparison will be performed for the values obtained from the smallest
mesh size. The smallest mesh size that could be performed is 3 mm.

Maximum displacement check:

Displacement ratio = value obtained from V lasov theory
value obtained from FEM software = 1.5276 [mm]

1.531 [mm] = 0.998

maximum longitudinal (normal) stress check:

Stress ratio = value obtained from V lasov theory
value obtained from FEM software = 140.9137 [N/mm2]

60.58 [N/mm2] = 2.32

From the performed ratio checks it can be concluded that the ratio for the max-
imum horizontal displacement satisfies the conditions mentioned in chapter 2.6
to be valid. The ratio for the maximum longitudinal(normal) stress exceeds the
maximum allowable error. Which means that the found outcomes are invalid.
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3.3 Overall comparison of the results

In the table below the overall results are displayed. The first 5 beams have
a solid rectangular cross-ssection and the beams 6 until 10 have a rectangular
closed tube cross-section.

Table 17: Overall results of the ratio’s for the smallest possible mesh size

beam beam length
[mm]

element size
[mm]

ratio max-
imum dis-
placement

ratio maxi-
mum stress

beam 1 150 1.8 0.977 1.23
beam 2 300 3 0.988 1.441
beam 3 600 3 0.994 1.44
beam 4 1200 3 0.997 1.44
beam 5 2400 6 0.996 1.85
beam 6 150 1 0.951 1.259
beam 7 300 2 0.978 1.7
beam 8 600 2 0.987 1.91
beam 9 1200 2 0.994 1.958
beam 10 2400 3 0.998 2.32

After performing several refining steps of the mesh size, it could be observed
that the mesh size had a decisive influence on the results of the maximum
stress. Multiple attempts has been done to refine the mesh size to an even
smaller size, however due to an insufficient random access memory of the TU
Delft work station, where the Abaqus software was installed, it was not possible
to perform these refining steps. To give more understanding of the influence of
the mesh size on the maximum stress, it has been chosen to plot the mesh size
vs the maximum stress, this has been done for beam 1. Between these points
an interpolation function has been used to give a more realistic behaviour of the
function, as can be seen in figure 29 . Furthermore, the length of the beam has
influence on the accuracy of the ratio’s. It can be observed that the longer the
beam the more inaccurate the ratio’s become. The influence of the length on
the accuracy of the maximum stress ratio’s has been plot in figure 31 .

Regarding the ratio’s for the maximum displacement, it can be observed that
the mesh size does not have a significant influence on the results. Furthermore,
the length of the beams does not influence the outcome of the ratio’s for the
maximum displacement, as can be seen in figure 31. The ratio’s are consistently
close to the desired value of 1 with a maximum error of 4.9 percent.
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Figure 29: The Observed behaviour of the maximum stress

It can be observed that the smaller the mesh size the more the maximum stress
approaches the desired value. In figure 30 the desired behaviour of the maximum
stress is displayed, it should be mentioned that singularities have not been
taken into account. By following the behaviour of the obtained results it is also
possible that the results of the maximum normal stress will go to infinity instead
of converging to the desired normal stress. This would cause an undesirable
situation and can not be excluded.

Figure 30: The expected behaviour of the maximum stress
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Figure 31: The influence of the lengths of the beam on the the accuracy of the
ratios for the rectangular closed open cross-section
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It can be observed that all the outcomes obtained for the maximum displace-
ment by use of the Vlasov torsion theory satisfy the mentioned error conditions.
To show the possible importance of the Vlasov torsion theory it has been cho-
sen to also calculate the maximum displacements by use of the Saint-Venant
displacement equations. By comparing these results it is possible to determine
if the Vlasov torsion theory is the only option to calculate the maximum hor-
izontal displacement for a one side constrained beam, loaded with a torsional
moment. The performed calculations can be found in Appendix B. In the ta-
ble below the results from the Vlasov torsion theory and the results from the
Saint-Venant theory are displayed.

Table 18: Comparison of the Vlasov torsion theory with the Saint-Venant-theory

beam beam length
[mm]

element
size
[mm]

ratio maximum
displacement
Vlasov torsion
theory

ratio maximum
displacement
Saint-Venant
theory

beam 1 150 1.8 0.977 1.11
beam 2 300 3 0.988 1.05
beam 3 600 3 0.994 1.03
beam 4 1200 3 0.997 1.01
beam 5 2400 6 0.996 1.0076
beam 6 150 1 0.951 1.035
beam 7 300 2 0.978 1.014
beam 8 600 2 0.987 1.002
beam 9 1200 2 0.994 0.99799
beam 10 2400 3 0.998 0.99616

From the obtained results we can observe that all the ratio’s obtained by use
of the Saint-Venant theory also satisfy the maximum allowable error, with a
minimum error of 0.201 percent and a maximum error of 11 percent. It can be
noted that all the outcomes obtained for the Rectangular solid cross-section are
unconservative even tough the results satisfy the error conditions. Regarding
the values obtained for the rectangular closed tube cross-sections, it can be
observed that the results are more accurate and at the lengths of 1200 mm and
2400 mm it can be concluded that the outcomes are conservative. From these
results we can state that both theories can be used to calculate the maximum
displacement for a rectangular closed tube cross-section and a rectangular solid
cross-section, which is constrained at one side.
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4 Discussion

In the first study done by F.Hilmer about the validity of the torsion theory for
rectangular solid cross-sections and rectangular closed tube cross-sections the
student version of Ansys caused the results to be not conclusive enough. This
was due to the limitation of the element calculations of the software (F.Hilmer,
2021). In this report the FEM software Abaqus has been used on the workstation
of the TU Delft. The software itself can perform unlimited element calculation,
which means that the mesh size can be chosen as small as possible. After
performing some FEM calculations in Abaqus with relative small mesh sizes,
it became clear that the work station of the TU Delft does not have enough
random access memory (RAM) to perform the calculations. This observation
was strengthened by the fact that the bigger the length of the beams the more
inaccurate the outcomes became.This can be explained due to the fact that a
longer beam will consist of more elements compared to a relative smaller beam,
if the same mesh size has been used. If the maximum allowable elements that
can be used is exceeded the Abaqus software will abort the job. Due to this
limitation it was not possible to check the validity of the Vlasov theory for
smaller mesh sizes.

It is also possible that the inconsistent results for the maximum normal stresses
was caused due to singularity, because it has been chosen to constrain the x-axis,
y-axis and z-axis. One scenario was that due to the encastring of the beam it was
not possible for the beam to expand which caused singularity of the elements
and prevented the stresses to converge to the maximum normal stress. To check
if this scenario has took place, it has been chosen to simulate the rectangular
solid cross-section with a length of 150 mm and the constraining of only the
z-axis. This FEM calculation has been done for the smallest possible mesh
size. From these results we can exclude singularity of the encastred model due
to the fixation of the x-axis and y-axis, because the obtained results from the
simulation were almost similar to the results obtained from the fully constrained
model.
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5 Conclusion and recommendation

From the obtained results of the rectangular solid cross-section and the rectan-
gular closed tube cross-section we can conclude that the maximum horizontal
displacements calculated by use of the Vlasov torsion theory are almost the same
as the values calculated by use of the FEM software. From the ratio checks it
can be observed that all the obtained results are below 1, which means that
the Vlasov displacement predictions are all conservative. From the results it is
also notable that the influence of the length on the accuracy of the ratio was
negligible, because the maximum error was equal to 4.9 percent. Which means
that concerning the maximum displacement the Vlasov torsion theory is valid
for rectangular solid cross sections and rectangular closed tube cross sections.
From the results obtained from the comparison of the Vlasov torsion theory
with the Saint-Venant theory it can be observed that both theories satisfy the
maximum allowable error for the maximum displacement raio’s.

From the obtained results of the rectangular solid cross-section and the rect-
angular closed tube cross-section we can conclude that the maximum normal
stresses calculated by use of the Vlasov torsion theory and the values calculated
by use of the FEM software have a significant difference. The minimum error
is 23 percent and the maximum error is 132 percent. It is expected that this
significant difference is caused due to the limitation of applying a smaller mesh
size. Concluding, the errors for the maximum normal stress ratio’s exceed the
maximum allowable error for engineering purposes of 15 percent. Which means
that concerning the maximum normal stress that the Vlasov torsion theory is
not valid for rectangular solid cross sections and rectangular closed tube cross
sections.

The overall conclusion is that with the obtained results it is not possible to prove
the Vlasov torsion theory for rectangular solid cross-sections and for rectangular
closed tube cross-sections. It is expected that the maximum normal stresses
obtained by the FEM software will approach the calculated outcomes with the
Vlasov torsion theory sufficiently to be valid, if a sufficient small mesh size will
be used. If this can be proven it means that the Vlasov torsion theory is valid for
rectangular solid cross-sections and for rectangular closed tube cross-sections.

For third parties who want to do a follow up study about the mentioned re-
search question, it is recommended to obtain the licence of a FEM software and
download it on a computer or work station with enough RAM. The workstation
of the TU Delft has a RAM of 32 GB. So to refine the mesh size a computer
should be used with at least 64 GB.

Furthermore, it is advised to make use of the Abaqus software, because it
can be observed that the outcomes obtained by use of the Ansys software and
outcomes of the Abaqus software have a significant difference. This difference
in the outcomes could be due to a model error in one of the software or due
to singularity of one of the models. In order to find out what caused this
difference, it is advised to compare both methods of modelling. By applying the
software Abaqus it is possible to do a follow up study more properly, because the
instruction manuel for abaqus for the mentioned set-up is described in paragraph
2.5 .
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