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Plates loaded Iin plane

* Only rebars in the x and y directions
e Equilibrium of a plate part
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b) CONCRETE FORCES c) STEEL FORCES



Concrete forces
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e Equations ,
Ny =Ng, +N. COS™ 0

N, =N +nCsin29

yy sy
Nyy =—NcSINO Cos6
 For CHECKING: Eliminate 6 and n,. .

: 2
e Solution: (Ngy — r]xx)(nsy — nyy) = Nyy
Nex = MNyy Ny =0

Ngy 2Ny Ny 20



 For Design: Minimise N5, +Ng, as a
function of 9.

e Solution: g=+2"
A
Ngy = Nyy + ‘nxy‘
nsy = nyy +‘nxy‘
N, ——Z‘nxy‘
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Example 1
n,,=1200, n,,=-200, n,,=-400 kN/m
f, = 500 N/mm2, ' .= 30 N/mm?
Thickness = 100 mm
(safety factors included in the numbers)
* Reinforcement
n,= 1200+400 = 1600 kN/m
ns,= -200+400 = 200
e Concrete
n.= -2x400 = -800 kN/m



a.,—1600/500 = 3.20 mm = 3200 mm2/m
216-120 = 21/4x16%x1000/120 = 3351 OK

a,,=200/500 = 0.40 mm = 400 mm?/m
212-500 = 21/4x12%x1000/500 = 452 OK

5, = 800/100 = 8 N/mm2 < f', OK



Example 2

Deep beam 4.7x7.5 m, 2 supports, opening 1.5x1.5 m,
point load 3000 kN, f.4 =16.67 N/mm?, 4 = 435 N/mm?
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* Forces n,,, n,,, n,, (linear elastic analysis)

Incipal stresses

* Pr
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* Reinforcement requirements

A_(cm?® fm)
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Harizontal reinfércement



A_ (cm? m)
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Vertical reinforcement



Note the singularities in previous figures.

Consequently, the peak value of 70 cm?/m is
mesh dependent. However, the integral of
the reinforcement requirement over some
width Is not mesh dependent. Therefore, the
designed reinforcement is not mesh
dependent.



* Reinforcement (by an engineer)
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Plates loaded perpendicularly

t......... top reinforcement (neg. z)

b......... bottom reinforcement (pos. z)

Mxt ....... moment capacity due to the
top reinforcement in the X
direction

Myt .......

Mxb .......



Plates loaded perpendicularly

positive directions of the moment capacities



Plates loaded perpendicularly

 Only rebars in the x and y directions
« Equilibrium of a plate part (lower bound)
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e Equations
myy SIN6+m,; sin6+m,, cos6 =0
M,y COS 6+ m,; COSO+m,, sin6 =0

myy SIn 6 —my;, sin 6 +m,, cos6 =0

Xy
M,y C0S 6 —m,, c0sO +m,, sin6 =0

e For CHECKING: Eliminate® .

2
(mxt T mxx)(myt T myy) 2 mxy

2
Myp — mxx)(myb N mw) 2 Myy

e Solution:



Yield contour

My

Only the half is shown for which mxy > 0.



Example 3

« Moments in a point

m,, =13, m,, =-8, m,, =5 kNm/m

« Moment capacities

m,, =0, m, =10, m,, =17, m,, =0

|s the capacity sufficient?
52 <?(17-13)(0+8), (0 +13)(10—8)
25<732,26

e Yes



 For DESIGN: Carry the moments with
the least amount of reinforcement.

* SO, minimize my+ my+ my+ my,
e 6 constraints

* mxt’ myt’ mxb’ rnyb 20

2
(Mg +Mg)(My; +my) =m

Xy

2
(mxb - mxx)(myb N myy) 2 mxy

Solution 1 (Wood-Armer moments, 1968)

My :_mxx+‘m My :mxx+‘m

0 o

myt =—mw+‘mxy‘ myb ZmW-I—‘me‘



Solution 2 (when m,, would be < 0)
my; =0

2
Xy

ITIXX

m

Solution 3 (when m,, would be < 0)

2
me

My = —Myy +

Myy

yt =0



Solution 4 (when m,, would be < 0)
mxb — O

2
My

mXX

myb:m

yy

Solution 5 (when m,,, would be < 0)

2
m Xy

Myp = Myy —

Myy

p =0



Solution 6 (when m,,and m,; would be < 0)
mxt — O

m 0

yt —

Solution 7 (when m,,; and m,;, would be < 0)

mxb :O
myb :O



Example 4

« Moments in a point (as in example 3)

m,, =13, m, = -8, m,, =5 kNm/m

« Moment capacities

m,, =0 m,, = 13+5%/8 = 16.13
m, =8+5%/13=9.92 m, =0

 Amount of reinforcement is proportional to
16.13+0+0+9.92 = 26

 Amount of reinforcement in example 3
17+0+0+10 = 27 (larger, so not optimal)



Example 5

 Plate bridge, simply supported
4 x 8 m, point load 80 kN, thick 0.25 m
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FEM moments

ITIXX

mx [kNm/m]
T2.48

67.87
6328
58.69
5410
45.51
44 52
40.33
35.73
.14
2855
21.95
17.37
1278

&.19

3.60
-0.95







mxy [kNm/m]
15.09

13.20
11.31
5.43
.04
5.66
37T
1.69
-0.00
-1.88
=397
-5.66
-7.54
-9.43
-11.31
-13.20
-15.09




Reinforcement requirements
Myp

mxD- [kNm/m]
T2.45
88.05
§3.63
5822

54.80

41.56

3273
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The design equations are conservative for
load combinations.

Example
Combination 1: My, =4 m,, =5 m,, =3 KkNm/m

Combination 2: My, =5 m,, =4 m,, =3 KkNm/m

yy
Design My :mxx+‘mxy‘:4+3:7 or5+3=8s03

My, :myy+‘mxy‘:5+3:8 or4+3=75s08

Check 5
(Myp =My )(Myp =My ) 2 My, (8-4)(8-5)=122>7?3x3=9

(8-5)(8-4)=12>79
OK ... but 7.6 would do too.

(7.6—4)(7.6—5)=9.4>?9
(7.6-5)(7.6—-4)=9.4>?9



The check equations can be rewritten as UNItYy checks.
Example

(mxb o mxx)(myb o Iﬂnyy) 2 Ifnxy —

2
(meb_mxx)(ﬂmyb_myy):mxy <l =

2 2
1| m m 1l m m m

= XX Yy n XX Yy n Xy
2 My, myb \ 4 My, myb mxbmyb

<1

 Interpretation: Principal value of a tensor
« Advantage: Clear how much extra reinforcement is needed
« Disadvantage: Division by zero is possible.



For shells the software can design or check with
a three layer Sandwich model.
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Conclusions

We can ask the computer to CHECK the reinforcement.

2

)mey

2 M+ + M my; +M
(N =Ny =Ny )z MMy

(mxb - mxx)(myb - myy) 2 mxy

We can ask the computer for help in DESIGNING reinforcement.

Myp = Myy +‘m

Ngy = Nyy +|MNyy Myy = —Myy + ‘m xy‘

xy‘

+ an myt — —myy +‘mxy‘ myb = myy +‘mxy‘
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