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Introduction to part 1

Motivation

In the first years of university education, the mathematical background of structural
mechanics was mainly based on three basic sets of equations, namely equilibrium,
compatibility and material behaviour. These sets of equations were solved by so-called direct
methods. During the basic training, the most important new aspect in the solution procedures
was the introduction of the concept of virtual work and the virtual work equation. Application
of this indirect method happened only occasionally.

In part 1 of the course CT5141, the lecture notes of which are presented here, the indirect
methods or variational methods will be put in a wider context. It will be shown that the virtual
work equation is a facet of a comprehensive and consistent theory. In the classical structural
mechanics, two energy principles have always played an important role. They are the
principle of minimum potential energy and the principle of minimum complementary energy.
They are related to the displacement method and the force method, respectively. In a
somewhat different formulation, these two energy principles are known as the two theorems
of Castigliano. In the past, these methods were taught to provide the engineer with an
analytical solution method for structural problems that were difficult to solve using direct
solution procedures. Nowadays, computer programmes are available for many of these
calculations, which means that analytical skills are less essential. However, indirect methods
still are important to understand the theoretical background of the programmes.

There is another reason for the discussion of variational methods. The computer has not only
adopted classical calculation procedures but also introduced new solution procedures such as
the finite element method (FEM). The basis of this approximation method lies in the
application of energy principles.

Course contents

This course is presented in such a manner that variational principles directly follow from the
triplet: equilibrium equations, constitutive equations and kinematic equations for deformable
continua. In this triplet, the principle of potential energy replaces the equilibrium equation and
the principle of complementary energy replaces the kinematic equations. The first and second
theorems of Castigliano will be derived from the principle of potential energy and from the
principle of complementary energy, respectively. In this approach it also can be made very
clear, when the variational principles are valid (valid or not for geometrical non-linear
problems).

Actually, the derivations should be based on the equilibrium, constitutive and kinematic
equations valid for three-dimensional continua. In that case the derivations require a lot of
handwriting, unless the tensor notation is used. Therefore, in these lecture notes the
derivations are performed for one-dimensional bodies. Then, the generalisation to three-
dimensional bodies can directly be given.



Examples

The text of these lecture notes is quite extensive. The covered theory itself does not require

such elaboration. A large part of the text consists of calculation examples applying the several
variational methods.
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1 Work and some applications

1.1 Performed work

It is assumed that the material responds elastically. It is not necessary to adopt linear-elastic
behaviour.

A cube of material is considered with a unit volume, which is loaded unaxially by a stress o
(see Fig. 1.1). The length 1 increases by an amount ¢ . The strain & develops gradually,
because the load o is applied gently.

1
{7
1 - >
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Fig. 1.1: Uniaxially loaded cube.

The work performed by this load, is determined as follows. Suppose that at a certain moment
aload o is present, then a small increment do causes the strain to increase by de¢ (see Fig.
1.2a). The existing load o performs an amount of work equal to o«de. Therefore, the total
amount of work performed equals:

&
E;=Iadg with o=0o(¢) (1.1)
0

This is called the deformation energy per unit of volume. This amount of energy is indicated
by the grey area in the o-& diagram (Fig. 1.2b). Deformation energy is potential energy,
which is accumulated in the material.
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a) b)
Fig. 1.2: Potential energy.

In structural mechanics another concept of energy plays an important role. It is called
complementary energy indicated by E’, it is defined by:

c
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Fig. 1.3: Complementary energy.

o
Eézjgda with ¢=¢(0o) (1.2)
0

In Fig. 1.3 the grey area represents the amount of complementary energy. In general, it is not
easy to give a physical interpretation of the concept of complementary energy.

1.2 Linear-elasticity

From now on, only linear-elastic materials will be considered. In this case the deformation
energy E! is equal to the complementary energy E’as shown in Fig. 1.4. Hooke’s law then
describes the constitutive property:

&

Fig. 1.4: Energy in a linear-elastic material.

oc=E¢ (stiffness formulation)
1.3
= % (flexibility formulation) (13)
where E is Young’s modulus.
It holds:
E = 10'8 (1.4)
s 2 :

With the stiffness formulation of (1.3) this can be rewritten as:



E' =%E52 (1.5)

It also holds:
E = lga (1.6)
c 2 *

Substitution of the flexibility formulation of (1.3) provides:

E =—— (1.7)

The deformation energy is expressed in strains, and is therefore also called strain energy. The
complementary energy is expressed in stresses.

Fig. 1.5: Cube of unit volume subjected to a shear stress.

The same principle is applied to a shear stress o . Again a cube of unit volume is considered
(Fig. 1.5). A shear stress o causes a shear deformation y . The load acting on a surface of
unit area (1x1), is then displaced over a distance y x1. The work done, which is equal to the
accumulated deformation energy, holds:

1 1.,
E' =—cy==G 1.8
s =50r=5G7 (1.8)
where G is the shear modulus. The complementary energy equals:
1 1o’
E =—yo=—— 1.9
c=SVO=SC (1.9)
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Fig. 1.6: Plane stress state. Fig. 1.7: Three-dimensional stress state.

For the case of an in-plane loaded plate (Fig. 1.6), a combination of shear stresses and normal
stresses is present. It can be written:

P | 1 1
E =E =—0,&,+-0,6, +—-0O

2 xx < xx 2 2 xyyxy -
’ 1 1 T
E =5{8xx g, ny} o =58 c (1.10)
O_}W
o,
' 1 1 T
E :E{G“ o, O'xy} £, :EG e (1.11)
8}9’
7xy

where the superscript “ 7 indicates that the associated vector is transposed. Introduction of
the more general matrix notation for the material properties given by:

c=K_¢ (stiffness formulation) (1.12)
e=C_o (flexibility formulation) '
leads to:
' 1 T . . .
E = 58 K, ¢ (an expression in strains) (1.13)
' 1 T . .
E =—06¢'C_ o (an expression in stresses) (1.14)

where K, is the material stiffness matrix and C_ is the material compliance or flexibility
matrix.
In three dimensions (Fig. 1.7) the more general expression holds:

o 1 1 1 1 1
E =E, = OnEaF 08y $ 0.8 F 00,y + 20,7 450 (1.15)
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and again E/ =1&'K_¢ and E! =16"C, o.Inthis case ¢ and o are vectors with 6
components and K, and C_ are square 6 by 6 matrices.

1.3 Bars

Analogously to the previously formulated energy relations per unit of volume, for bars
definitions per unit of length will be introduced. This is done for the four basic cases:
extension, bending, shear and torsion.

Extension
The governing equations are given by (see Fig. 1.8):

N = EAe (stiffness formulation) < &= E_]\; (flexibility formulation) (1.16)
N
E
N <-— — N
e 1 oL E,
I~ T EA
£

Fig. 1.8: Beam subjected to extension.

The potential and complementary energy become:

E = %Na = %EA&2 (per unit of length) (1.17)
E’ —lgN—lN—2 (per unit of length) (1.18)
) 2 EA & '
Bending
The governing equations are given by (see Fig. 1.9):
. . M s .
M = Elx (stiffness formulation) < k= I (flexibility formulation) (1.19)
IA M
s K N

Fig. 1.9: Beam subjected to bending.

11



The potential and complementary energy become:

E = %MK‘ = %EIK‘Z (per unit of length)

s

2
E' =l/cM—lM

=—— er unit of length
e =3 >l 12 f length)

Shear
The governing equations are given by (see Fig. 1.10):

V =GA,y (stiffness formulation) < y=

A, (flexibility formulation)

E!

s

GA,,

Fig. 1.10: Beam subjected to shear.

The potential and complementary energy become:

1 1

E = EV}/ = EGAS,,]/2 (per unit of length)
E = lyV L v (per unit of length)
<27 T 204,
Torsion

The governing equations are given by (see Fig. 1.11):

M, =GIS8 (stiffness formulation) < 9= (A}ljt (flexibility formulation)

t

: -

f

=

~

=
_CSE_

M G]z

Fig. 1.11: Beam subjected to torsion.

12
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The potential and complementary energy become:

E = %M,Q = %GI,SZ (per unit of length) (1.26)
1 1 M;

E' =—9M, =—— er unit of length 1.27

=M= 12 f length) (1.27)

1.4 Stiffnesses of bar cross-sections

For a bar the stiffnesses EA4, EI, GA,, and G/, are important. One of the methods used for the
determination of these stiffnesses is based on an energy approach. In this section this method
will be discussed, in order to demonstrate that the work-concept sometimes simplifies the
calculations.

Axial stiffness EA
A constant normal stress distribution across the cross-section is assumed (Fig. 1.12). The

cross-section is square with height d and width b:

SEm

1 (o2

Fig. 1.12: Beam subjected to extension.

N=bdo — Gzl (1.28)
bd

The complementary energy per unit of bar length equals:

2
——dV———xbxd L—(—j bd 1N (1.29)
2\bd) E 2 Ebd

It also holds (see (1.18)):

2
B Z%% (1.30)
Therefore:
EA=Ebd (1.31)

Of course, this is a trivial result. For the cases of bending, shear and torsion it will be less
obvious as shown below.

13



Bending stiffness EI
A linear distribution of stresses across the height d is assumed (Fig. 1.13). In the example a
square cross-section is chosen (width b and height d). The stress distribution is:

(=S

y
Fig. 1.13: Beam subjected to bending.

() zszff (1.32)

The moment M equals:

1 1
24 24
2b6- 2 1 2 Y ey M
M= | o(y)bydy=——— dy=—bd'6 — 6=—= 1.33
j(y)yy 7 jyy6 hd? (1.33)
1 1
_jd ~d
The complementary energy per unit of bar length is:
La
? 2b6° ’ 1bdé> 1 M’
o | | ey | vy == - . (1.34)
2 E Ed 6 E 2 5 Ebd
14 1,
2
It also holds (see (1.21)):
2
g M (1.35)
2 EI
From the last two equations it follows:
1 3
El =—FEbd (1.36)
12

This is the well-known result for the rectangular cross-section.

Shear stiffness GA,,

A shear-stress distribution is assumed, which is normally used in the beam theory (Fig. 1.14).
In a rectangular cross-section (width b, height d) this is a parabolic profile across the height:

14



B

The transverse force V equals:

1 1
24 24

P 2
V= J‘a(y)bdy=b& J{ —i] dy=%bd6 S =Y

1 1
—5d —5d
The complementary energy per unit of bar length is:

1y

2 2
2 A2 2 A2 2
E - lo-(y)dV:bG 1_4% dyzibda v
2 G 2G d 15 G 23Gbd
V

1
jd

It also holds (see (1.24)):

1V
©7264,

From the last two equations it follows:
5
GA, = 3 Gbd

The area A, is often expressed in 4 by using:

NN

N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N

ANTARSRONNRRRRRS

i
32

n

Fig. 1.15: Shape factors for several cross-sections subjected to shear.
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Ash = A

A (1.42)
n

For the rectangular cross section 77 =% =1.2. The shape factor 77 depends on the shape of the
cross-section. Fig. 1.15 shows some values of 7 for a number of common cross-sections.

Torsional stiffness GI,

The energy concept can be used if the shear stress distribution is known. An example is a
hollow thin-walled cross-section of arbitrary shape (see Fig. 1.16a). The thickness #(s) may

1(s)

S

N

_/
a) b)

Fig. 1.16: Cross-section of a beam subjected to torsion.

vary along the circumference. The area of the hole in the cross-section is indicated by 4, . In
the thin wall a shear-stream # is generated, which has the same value for all coordinates s.
Therefore, along the whole circumference, it holds:

n=t(s)o(s) — o(s)=—— (1.43)

t(s)

The torsional moment M, in this hollow cross-section equals:

M, = §(nds)-e (1.44)
The dot product esds is exactly twice the hatched area d4, of Fig. 1.16b. Therefore:
M
M,=2n QdA, =2nd4, — n=—" (1.45)
24,

The complementary energy E' per unit of bar length now is:

2 2 2 2
= | 1oy 1m b L) syxixds =L d—Lgg (1.46)
2 G 2G Jlis) 2G Jis)

Vo

With n=M, /24, this becomes:

16



2
E£=l M, : (1.47)
2 G 44,
1(s)
It also holds (see (1.27)):
g LM
241
From the last two equations, it follows:
44;
1 = : (formula of Bredt) (1.48)

e p— B
1
——ds
1(s)
For other cross-sectional shapes, the same approach can be applied, as long as the shear stress
distribution is known.
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2 Virtual work equation and principle of
minimum potential energy

2.1 Problem definition

For arbitrary three-dimensional bodies the following equations are valid for the volume V' of

the body:

Balance equations
The balance equations or equilibrium equations read:

O-:oc,x + O_yx,y + O_zx,z + P‘c = 0

c,.,to, +to,  +P =0 (2.1)
O-xz,x + O_yz,y + O_zz,z + Pz = 0
Constitutive equations
The constitutive equations in matrix form are:
£, 1 3 0 0 0 |[o,
&, 1 v 0 0 0 o,
= |1 1 0 0 0 0.
S (2.2)
2¢,,| E : 2(1+v) 0 0 o,
symmetrical Y
28},2 2(1 + U) 0 o,
2e_ I 2(1+v)] |0
Written in the inverse form they read:
o T vy 0 0 £,
I-v 1-v
v
Oy 1 T 0 0 0 Eyy
l-v
o, (1 V)E 1 0 0 0 £, 03
o, (+v)(1-20) 1=v_ 0 2e, '
‘ 2(1-v)
symmetrical 1-2v
o, 0 2e,
: 2(1-v)
1-2v
GZX 282.’(
i 2(1-v)

Kinematic equations
The kinematic or strain displacement relations are:

19



E.=U 2e , =u, +u,,

xx X,X
(C,'yy = u_v,y 28)/2 = uy,z + uz,y (2.4)
SZZ = uZ,Z zgzx = uz,x + ux,z

Kinematic boundary conditions
The kinematic boundary conditions on the part S, of the surface read:

L=u
u on S (2.5)

y

N NN
Il

N o 2 o = o
=

z

where u;, u) and u; are prescribed values.

Dynamic boundary conditions
The dynamic boundary conditions on the part S, of the surface equal:

O-xxex + O-yxey + O-zxez = px
o.e,toe +o e =p r ons, (2.6)
zeex + O-yzey + O-zzez = pz

where p , p, and p, are prescribed surface loads and e, e, and e, are the components of
the unit outward-pointing normal on the surface.

Tensor notation
All equations above can be rewritten in tensor notation as:

o,,+P =0

o, = Kyéy % 2.7)
1

&y ZE(”w )

The boundary conditions expressed in tensor notation are:

u, =u; onsS, 2.9)
e.o‘ij = pj on Sp .

In above equations i, j =1,2,3 and summation convention has to be applied.

From now on all derivations are restricted to the special one-dimensional continuum, where
only u , P, p., ¢,  and o are different from zero. Since no confusion may arise anymore,
the indices are left out of the variables and the notations u, P, p, ¢ and o are used.

The cross-section of the one-dimensional body is chosen such that it has unit area. Integration
over the volume of the body is then reduced to integration over its length. The surface §,
being the sum of S, and §,, now consists out of both ends of the body (see Fig. 2.1). The

20



numbers 1 and 2 tag the left and right side, respectively. At one of these ends, the
displacement may be prescribed. That cross-section then forms the part S, of S, while the
other end forms the part S,. When at both ends a displacement is prescribed, S, coincides

Pty P(x) u(x) Py

Fig. 2.1: One-dimensional body.

with § and there is no part S, .
The relations (2.1) up to (2.6) can be simplified to:

o, +P=0 (balance equation) (2.9)
o=FE¢ (constitutive equation) inV (2.10)
E=u, (kinematic equation) (2.11)
u—u’=0 (kinematic boundary condition) on S, (2.12)
—eoc+p=0 (dynamic boundary condition) on S, (2.13)

2.2 The method of weighted residuals

It is assumed that the kinematic relation in 7 and the boundary condition on S, are satisfied.
In first instance, in V' and on S, stress fields are assumed that do not necessarily satisfy
equilibrium. It then holds:

o, +P=R in v

(2.14)
—ce+p=r ons,

where R and r are the so-called residuals. For the exact solution, these residuals have to be
zero. This condition is fulfilled if for every kinematic admissible displacement field u the
following relation is satisfied:

21



[[[rmars [fraas-o 2.15)
V S

p

Such a field is kinematic admissible if it is zero on S, where the displacements have been
prescribed and if it satisfies the kinematic relations in V.

Su(x)|

u(x)
Fig. 2.2: Kinematically admissible displacement field.

For the displacement field u a variation du on the real displacement field is chosen (also see
Fig. 2.2). This idea was already used when the concept of virtual displacement was discussed.
The condition (2.15) now becomes:

Iijé‘udV—i— Ij.ré'udS:O (2.16)
14 S

)4

The requirement that this condition has to hold for every arbitrarily admissible variation du,
can only be satisfied if the following relations are valid:

R=0 mn/y

2.17
r=0 onSp ( )

Accordingly, condition (2.16) prescribes that exact equilibrium is required. The requirement
that the “weighted residuals™ have to be zero for all kinematically admissible variations of the
displacement field is therefore a full replacement of the equilibrium conditions.

2.3 The equation of virtual work

Relation (2.16) will be reformulated. Firstly (2.14) is substituted, leading to:

J‘J-J'(O"X+P)5udV+ jj(—ea+p)5ud5=0 (2.18)

Sp

The volume integral with integrand o, du can be integrated by parts, i.e.:

22



JJIU’X oudV =— J-J‘ oou, dV —oou, +0,0u, (2.19)
YT

14 1
The two terms indicated by / and /I will be rephrased. Term /I can be rewritten as:
—0,0u, +0,0u, =e,0,0u, +e,0,0uU, = Ijeaé‘u ds (2.20)
SP

where S is the area of the entire surface, which is the sum of S, and S, . Because of the
choice that ou is zero on S, this part of the surface integral vanishes. Therefore, (2.20) can
be rewritten as:

—0,0uU, +0,0uU, = jjeaé‘u ds (2.21)

P

The virtual displacement u , (term I in (2.19)) can be replaced by ¢ . After all, if ou isa
variation of the displacement u , then Su, is a variation of the strain ¢, i.e.:

e =bu,, (2.22)

Combination of (2.18), (2.19), (2.21) and (2.22) finally leads to:

J‘J‘J.O'é‘ng— J.J.J.Pé'u dV - J.J‘pé'u dS=0 (2.23)
V V S

p

This expression is the virtual work equation for a deformable body. The relation has been
derived directly from the balance equation and the dynamic boundary condition. Since no
constitutive conditions have been used, this relation is valid in the plastic range too.

It now also becomes clear why the variation of du is set to zero on the part of the surface
where u is prescribed, because otherwise in the virtual work equation also unknown support
reactions p on S, would appear.

Example

In spite of the fact, that the virtual work equation (2.23) is a preliminary result, already an
application of the equation can be shown. The formulation in which it is presented is new, the
application however is not. It can be used to calculate internal stresses or stress resultants in a
statically determinate structure.

As an example, the overhanging truss as shown in Fig. 2.3 is considered. The normal N has
to be determined in the bar of upper side adjacent to the support. On basis of the equilibrium
of moments about point A4 it is known that N =2F .

The principle of virtual work will be applied in two manners. In the first method the bar is
imaginarily cut in half and the two cutting edges are displaced with regard to each other over
a distance de (see Fig. 2.4a). The formed mechanism causes the point load F' to displace

23
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N 7S g g

Fig. 2.3: Overhanging truss.
over a distance Jou . From the geometry of the structure, it follows that ou =2 e . The virtual

work equation then becomes:

Nede=Fedu — Nede=Fe20e — N=2F

In the second method the following approach is adopted. The virtual work equation is used in
the form given by (2.23). A virtual displacement field is chosen, which is uniquely defined in
each point of the truss and still produces a mechanism. This can be achieved by a rigid body

7

b)
Fig. 2.4: Virtual displacements of the truss.

rotation about point A4 of the part of the truss situated at the right side of line-piece 4B (see
Fig. 2.4b). All displacements are expressed in the virtual displacement of load F . From
geometrical considerations, the horizontal displacement ou, of node B appears to be:

1
ouy =E5u

Between the nodes C and B a linear displacement field is assumed, being equal to 0 in C
and Jou, in B, i.e.
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Su(x) =§5u3 =%5u

For the chosen mechanism, the strains in all bars with the exception of bar CB are zero.
Therefore, the first integral of (2.23) becomes:

a
J]]a&gd V= JN o dx
V 0

For o¢ it follows:

o€ =0u :Lé'u
T 2a

The virtual work equation can now be written as:

a

IN5£dx—F5u=0 — Nzié'udx—Féu:O — (%N—Fj5u=0
a

0

0

This result should hold for every virtual displacement du , this means that above equation
only can be satisfied if the term between brackets is equal to zero. Therefore:

N=2F

which is the required solution.

2.4 The principle of minimum potential energy

From now on only elastic materials will be considered. Further, it is assumed that the loads on

the structures are conservative in nature. The effect of these conditions is that no energy is
dissipated.

From now on, the constitutive equation plays a role too. For an elastic material the stress o
can uniquely be expressed in the strain ¢ :

o=0(¢) (2.24)

The deformation energy per unit of volume £’ is defined by:
&

E = J‘adg (2.25)
0

and inversely the stress o can be written as:

_dE;
de

o
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Fig. 2.5: Deformation energy.

The integral over the volume of E! is indicated by E, . A variation du is accompanied by a
variation of the deformation energy:
dE’

OE =—~06¢ — OE =00¢ (2.27)
de

In Fig. 2.5, this has been displayed graphically. The volume integral in the virtual work
equation (2.23) is exactly equal to the variation 0E, of the potential energy accumulated in
the material.

There is another form of potential energy, namely E, of the position of the external loads.
The potential of a distributed load per unit of volume P during a displacement u decreases
by the amount P times u . For a variation ou of the displacement, per unit of volume it
holds:

é'Ep =—Pdou

For the entire load P in the volume V' and p on the surface S, it follows:

E, =- jijb‘u dV - jjpé‘u ds (2.28)
4 S

With the results (2.27) and (2.28) the virtual work equation can be interpreted as the condition
that the potential energy £, has to be stationary with respect to variations of u :

SE =0 (2.29)

pot

or:

SP

E, = J‘J'JES' dV - J‘J‘J'P udV — J'J‘p udS (stationary) (2.30)
V V
E E

s P

26



E

pot

\\ / g
\ _!.\/ u s

u ou
Fig. 2.6: Minimum of potential energy. Fig. 2.7: Linear-elastic material.

g

It can be shown that the stationary value of £,
value of £, is negative.

Many problems can be solved by assuming that a linear-elastic material is applicable, for
which Hooke’s law is valid (Fig. 2.7):

1s a minimum (see Fig. 2.6). Additionally the

t

c=E¢ ; E;=%E£2

The expression for the potential energy then becomes:

E, = J‘J‘J‘% Eg*dV — JIIPM dV — J.J‘p udS (stationary) (2.31)
V V N

P

Example
A bar with cross-section A4, length / and modulus of elasticity £ is loaded at one end by a
compressive force F;. The bar is restrained at the other end as shown in Fig. 2.8. The
displacement of the free end is u,. From the displacement u,, the strain can be obtained
which is uniformly distributed over the volume:

U

e=——"
l

The deformation energy equals:

2
E = lE(_ﬂj dV:l%uf
2 [ 21
14

o=FE¢ N =FEAe

VA

g 1

Fig. 2.8: Bar loaded by a compressive force.
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Starting from the stress resultant N = 04 = EA ¢ the same result is obtained:

/ /
2
E= ||Envear = |ENedax- lEAgzdx=lEA(—ﬂjl=l%uf
2 2 2 2 ! 2 1
V 0 0

For the energy of position it holds:

E, =-Fu,

So that the potential energy is:

For equilibrium it is required that:

dE
§Ep0t = pot 5%1 :(E_Aul _Ejé‘ul = 0 - E :E_Aul
dul / )i

The value of £, in this state of equilibrium is:
1 EA , (EA 1 E4 ,
PRI W L

Indeed, the value of £, is negative. To demonstrate that this value is a minimum, the second
derivative is investigated. It is found:

2 2
du, du,

CE, _d (1%2 _F j _E4

2 l 1 11 | =

So, the second derivative is positive for each arbitrary value of u, . Therefore, the stationary
value of £, (for which equilibrium occurs) is a minimum.

2.5 The principle of minimum potential energy in three dimensions

The potential energy expression (2.31) is derived for the one-dimensional case, only
containing the stress o, the volume load P, the surface load p_, the displacement u_and
the strain &__ . Since no confusion could arise, the indices were removed.

The more general three-dimensional derivation provides a similar expression. Before this

relation can be written down, firstly a number of vectors have to be introduced:
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O-JOC SX)C
o
" " P, P u,
i & p=ip (2.32)
o= ; &= ; =<P: ; =<p, ¢ 5 uU=su, .
ny 28)@, hd p p} hd
e p. u,
o, 2e,
GZX 2gZX
The relation between stresses and strains is given by:
c=K, e (233)

where K, is the stiffness matrix already introduced in (2.3). The virtual work equation (2.23)
for this case reads:

J‘J‘J‘&:To-dV— jjj5uTPdV— jj&urpdS =0 (2.34)
14 V S

p

where the superscript “7"” indicates that the associated vector is transposed. The expression
(2.31) for the potential energy of a linear-elastic body becomes:

1 .
E, = J‘J'J.E &' KedV - IJ-IuTP dv — quTp ds (stationary) (2.35)
V V S

p

2.6 The displacement method

The application of the principle of minimum potential energy actually boils down to the fact
that in the triplet:

e kinematic equations
e constitutive equations (2.36)
e balance equations
the last one is replaced by the condition that the potential energy has to be stationary,
changing the triplet into:

e constitutive equations (2.37)

l e kinematic equations
e potential energy stationary
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When the equations in the triplet are successively evaluated, the strategy of the displacement
method is followed. When a compatible displacement field is assumed, then the potential
energy is a function of that displacement field. Variation with respect to that displacement
field provides the balance equations expressed in the displacements.

Example

As an example a truss is considered with two degrees of freedom u, and u, as shown in Fig.
2.9. The bars are loaded by normal forces only. The external load consists out of two point
forces F, and F,. The axial stiffness and the length of the three bars are different. For

74 /

@ 3 . 3

Smo =—

5

EA,l 3.3 cosq =3

’ 2EA 21 =3

5775
F =94F
“ u, F, F =58F
- 0 ——> mmmpp Y

@© 44
5775

uy
}r
Fig. 2.9: Structure with two degrees of freedom.

comparison, the calculation is carried out in two manners. Firstly, a solution is obtained by a
direct method and secondly the principle of minimum potential energy is applied.

Direct method
The kinematic, constitutive and balance equations respectively are:

Su,
& =——
41
4u. 3u,
& =——"4+—— kinematic equations
275 75 ( q )
Su,
& =——
Y3
N, = iEA &
5
N,= FEAg, (constitutive equations)
N, = %EA &

30



4
N+ N, =F,

3 (balance equations)
gNz + N, =F,

By downward substitution the balance equations are transformed into:

EA EA
So 412w ) =F 5 Jo(i2u +34u, )= F,

X

For the sake of simplicity a special load case is chosen:

F.=94F ; F,=58F

This provides the following solution:

u, =50ﬂ DU, =25ﬂ
| EA ’ EA

For the normal force it can be derived:
N, =50F ; N,=55F ; N,=25F

Variational method
In the variational method, the same kinematic and constitutive equations are used. The
balance equations are replaced by the minimisation of the potential energy equation:
b h L
1 1 1
E, = I— EA & dx+ I— EA, & dx+ I— EA,&;dx—Fu,—Fu, —>
2 2 2 Y
0

2 2 2
Em:leA(E“_xj fz+lEA(i“_x+§”_yj l+l§EA(§M_yJ 3 -Fu-Fu -
P25 41)5 2 51 51 25 317)5 Y

=@(41u3 +24uu, +34u] )~ Fu, —Fu,
5000 : ’ =

pot

Variation with respect to u_ and u, delivers:

oE OF
Lot =E—A(4lur+12u )-F.=0 ; — :E—A(lzux+34u7)_F ~0
ou, 25l : e ou, 251 R

These equations are identical to the ones derived with the direct method. Therefore, the same
solution is found.
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2.7 Validity of the virtual work equation

In the form given by (2.23), the virtual work equation is valid for both elastic and plastic
materials. After all, the constitutive equation has not been used in the derivation! The virtual
work equation is valid for geometrical non-linear problems as well, where for example in the
expression for the strains also terms are present that are quadratic in the displacements:

| | |
£, =u,, +§(uw ) +5(u}_,x )+ (u,) (2.38)

A small variation of the displacement field leads to a variation of the strain equal to:

1 1 1
36, = ou,., + = (du,, ) + 5(5% )+ S(ou., ) (2.39)

If the variations are small, then the last three terms are an order of magnitude smaller than the
first term. Therefore for this case, it also holds:

8¢, = Su, (2.40)

This relation also has been used in the derivation of the virtual work equation, which means
that it keeps its validity for geometrical non-linear problems.

In summary, the principle of minimum potential energy was obtained by assuming that a

unique relation exists between stresses and strains. Therefore, this principle is only valid for
elastic media. However, for geometrical non-linear elastic problems the principle is valid too.
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3 Complementary virtual work equation and principle of
minimum complementary energy

3.1 Starting points

Again, a one-dimensional continuum is considered, as used in chapter 2. As defined before,
only the variables u_, P, p_, ¢ and o are different from zero. Also in this case, the
indices x are left out of the variables (see Fig. 3.1).

e
T T ~ - AN
- -~o Pt \,
- ~< _- \
- ~~_ - \
- \
pre \
\
\

by ' P(x) u(x) Iipz U,
— > — —> |—>n:>

Fig. 3.1: One-dimensional body.

The cross-section of the one-dimensional body is chosen such that it has unit area. The
relations for this body are (also see (2.9) up to (2.13)):

o, +P=0 (balance equation) (3.1)
£ =% o (constitutive equation) mV (3.2)
E=u, (kinematic equation) (3.3)
u—u’=0 (kinematic boundary condition) on S, 3.4)
—eoc+p=0 (dynamic boundary condition) on S, (3.5)

Note that the constitutive equation is presented in flexibility formulation, while in chapter 2
this was done in stiffness formulation.

3.2 The method of weighted residuals

It is assumed that the balance equation in V' and the dynamic boundary conditions on S, are
satisfied. In first instance, in /' and on S, displacement fields are assumed, which not
necessarily do satisfy the kinematic relation and the kinematic boundary condition. It then
holds:
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E-u =R mV
) (3.6)
u—-u’=r ons,

where R and r are the residuals. For the exact solution, these residuals have to be zero. This
condition is fulfilled if for every statically admissible stress field & the following relation is
satisfied:

[[[rar [[rpas=o a7
V S

u

Such a field is statically admissible if it is zero on §, where the stresses have been prescribed
and if it satisfies the homogeneous balance equation in V.

o(x)

Fig. 3.2: Dynamically admissible stress field.

For the stress field & a variation oo on the real stress field is chosen (also see Fig. 3.2). That
these stresses satisfy the requirements of a statically admissible stress field can easily be
shown. Since the balance equation has to be satisfied all the time, for the volume V' the
following variation has to be satisfied:

A do . =0 | i 3.8
(0'+50')’X+P=0 - Ox = in (3-8)

On the surface S ) it holds:

—eoc+p=0
P

} — edoc=0 —> | op=0| onS (3.9

—e(0+50)+p=0

The concept oo is called a virtual stress. The condition (3.7) now becomes:

J:‘:[Réde+ J‘J‘ré'pdS:O (3.10)
V

u

The requirement that this condition has to hold for every arbitrarily admissible variation do ,
can only be satisfied if the following relations are valid:
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R=0 mn/y

3.11
r=0 onsS, @11

Therefore, the condition (3.10) prescribes that exact compatibility is required. The
requirement that the “weighted residuals” have to be zero for all statically admissible
variations of the stress field is therefore a full replacement of the compatibility conditions.

3.3 The equation of complementary virtual work

Relation (3.10) will be reformulated. Firstly (3.6) is substituted, leading to:
J‘J‘J‘(g—u,x)5adl/+ jj(u—u°)5pdS=o (3.12)
v Su

The volume integral with integrand —u 6o can be integrated by parts, i.e.:

- jjjux oocdV = J‘J-J‘uéb"x dV —u,00, +u,00, (3.13)
Vv Vv

The last two terms can be rewritten as:
—u,00, +U,00, =—U,0p, —U,0p, = — J.J.u opdS (3.14)

where S is the area of the entire surface, which is the sum of S, and S, . Because of the
choice that 6p is zero on S, this part of the surface integral vanishes. Therefore, (3.14) can
be rewritten as:

—u,00, +u,00, =— J.J.ué'p ds (3.15)

u

Further, the volume integral of the right-hand side of (3.13) is equal to zero, because of the
choice that 6o, is equal to zero in V. With (3.13) and (3.15) the principle (3.12) becomes:

JII&&adV— ”w&ms:o (3.16)
V S,

u

This expression is the complementary virtual work equation for a deformable body. The
relation has been derived directly from the compatibility conditions. Now, it also becomes
clear why a variation of the stress field is required that satisfies the conditions (3.8) and (3.9),
because otherwise unknown displacements u in ' and on §, would persist in the equation.
Comparison with (2.23) makes it clear why (3.16) is called the complementary energy
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equation. The roles of o and ¢ are exchanged in the volume integral, and the contributions
of P and p are replaced by the known displacement u°.

Example

The complementary virtual work equation (3.16) is just like the virtual work equation (2.23) a
preliminary result. However, in this form it already can be applied. It can be used for the
calculation of displacements when the internal stresses or stress resultants are known. The
same overhanging truss will be considered, as used in the example with the application of the
virtual work equation (2.23). All bars have the same axial stiffness E£A4 .

2F,20F F,oF

N _3p _35F 2F,-26F —-F,—SF 1F SF

I

| a e a N a 4
| T 71 i

Fig. 3.3: Overhanging truss.

The given load F' generates normal forces in the bars as displayed in Fig. 3.3. The
displacement u is the result of the load F . But as a line of thought it also can be stated that a
prescribed displacement u actually causes the support reaction F and all indicated normal
forces in the bars. The virtual stresses are chosen to be the increase 0 F of this support
reaction and the resulting increased normal forces. This delivers a statically admissible stress
field. In all freely movable nodal point directions equilibrium is satisfied, except where the
displacement is prescribed. Application of (3.16) now provides:

ZﬁaNi—uaFw N
allbarsEA
aFSF(4+1+242+2V2 + 242 + 141 +9+4+1
Ton : —— ——— |—udoF =0 —
EA | e diagonal pars g

{£(21+6x/5)—u}5F =0
EA
This has to hold for every variation 6F # 0, 1.e.:
u = ﬂ(21 +632)
EA

The same value would have been found from a Williot diagram.
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3.4 The principle of minimum complementary energy

Again, only elastic materials and applied conservative loads will be considered. Also the
constitutive equation will be introduced. In chapter 2 the deformation energy per unit of
volume E' was introduced as a function of ¢:

&
E = Jadg (3.17)
0

where the stress o is a function of the strain ¢:

o=0(¢) (3.18)
Now it is meaningful to define a complementary energy per unit of volume E’ according to:

E =ocg-E!(¢) (3.19)
where in this case the strain ¢ is a function of the stress o :

e=¢&(0) (3.20)
The variation of this complementary energy caused by a variation of the stress field equals:

OF! =£50' (3.21)
do

During the determination of dE' /do from (3.19) one should realise that & is a function of o
and that £ is a function of ¢ (and through (3.20) also a function of o ):

dE! de dE! de dE! \de
—e+o——-———=¢g+|o——2|—
do do de do de )do
Introduction of (2.26) given by:
dE!
o=
de
provides:
dE’
C=¢ 3.22
o (3.22)
From (3.21) it now follows:
OE =¢o60 (3.23)

For E! per unit of volume it also can be written:
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o
E = j edo (3.24)
0

Then, for the total volume it holds:

E = I HE dv (3.25)
V

This has been displayed in Fig. 3.4.

The volume integral in the complementary virtual work equation (3.16) is in view of (3.23)
just equal to the variation 0E, of the complementary energy E, accumulated in the material.
For the total structure the complementary energy E,_,,, can now be defined as follows:

(o2
’
5o ¥ OE]
° N
!
EC
(o2
N
S r > £

Fig. 3.4: Complementary energy.

E,py = j j I E dV - I I pu® dS (3.26)
Vv S,

The complementary virtual work equation can be interpreted as the condition that the
complementary energy E,,, , is stationary for variations of o :

§Ecomp1 = O (327)
It can be shown that the stationary value of £,
the value of £, , is negative.

For the special case involving linear-elastic media the expression (3.26) can be developed a
bit further. Hooke’s law is applied in its flexibility formulation (Fig. 3.6):

, 1s a minimum (see Fig. 3.5). Additionally,

1 11
E=—0 E'L"Z—_O_2
E 2F
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compl

AN )
N .

o oo 3

Fig. 3.5: Minimum of complementary energy. Fig. 3.6: Linear-elastic material.
The expression for the complementary energy then becomes:

E = J“”‘%%ojdlf— J'J‘pu” ds (stationary) (3.28)
vV

Sll

Example

The same bar of the example in section 2.4 is considered, which was analysed with the
principle of minimum potential energy. The bar has cross-section A4, length / and modulus of
elasticity £ and is loaded at the free end by a compressive force F;, which causes a
displacement u, (see Fig. 3.7). Requested is the relation between F, and u;, .

In order to be able to apply the principle of minimum complementary energy the next line of
thought is followed. The left end of the bar is not considered as a free end with a given load
F,, but as the end where the displacement u, is prescribed. For this given u, the support

o=F¢ N =FEA¢
ooy , '
- | —> Ec EC
> X /
J
i & &

Fig. 3.7: Bar loaded by a compressive force.

reaction F; is calculated. Although S, only consists out of the right end of the bar, this
surface is artificially extended with the left end. The calculation is then as follows.

No volume load P is present so that o has to be constant in order to satisfy the balance
equation in ¥ . So, there is only one stress parameter o . The force F| and the stress resultant
N can be expressed in this o on basis of equilibrium:

39



One of the variables o, N or F; can be chosen as the fundamental unknown. In this case the
choice is F;.
The complementary energy E_ is:

lLFZ

1

EC=L02A1 — E =
2E 2 EA

Consequently, the total complementary energy is:

1/

Eppy = E.~ Fty =———F* ~ Fu,
2 EA

compl

Variation with respect to F, delivers:

dEwml l Z
O,y = — 2 5F, =| —F —u, |5F,=0 —> u=—F
" dF, EA EA

This is the same result as found in section 2.4.
Substitution of the found relation for u, in:

11

compl — EEFIZ - Fiul

delivers:

Ecompl — lLFIZ ~F, LFI - _lLFIZ
2 FEA EA 2 EA

which is negative and a minimum. The minimum can be confirmed by determination of the
second derivative of £, , with respect to F7, followed by substitution of the value of F| that
makes E,, , stationary:

O’E, 2
—‘f’z’W:a_z lLFIZ —u,F, =L>0
OF®  OF*\2E4 EA
3.5 The principle of minimum complementary energy in three dimensions
The complementary energy expression (3.28) is derived for the one-dimensional case. The

more general three-dimensional derivation provides a similar expression. Before this relation
can be written down, the following vectors are introduced:
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XX XX
o

yy yy 0
o . b, u,

zZ zz o o

o= ; €= s P=3p, > u =qu; (3.29)

o, 2¢

y Xy o

2 P u,

o, £,
GZX 282)(

For the constitutive relations between stresses and strains the flexibility formulation is used:
e=C_ o (3.30)

where C_ is the compliance matrix, which is the inverse of the stiffness matrix K, . The
complementary work equation can now be written down as:

jjj§angV— Ij&'pTyo dS=0 (3.31)
4 5

The expression (3.28) for the complementary energy of a linear-elastic body becomes:

E = J‘,U%GTCU cdV - J‘J‘pruo ds (stationary) (3.32)
Sll

V

The volume integral is the deformation work. In many cases the surface integral will be zero,
because in practical problems for the supports it holds #” =0 . In literature this specific case
is referred to as the principle of minimum deformation work.

3.6 The force method

The application of the principle of minimum complementary energy actually amounts to it,
that in the triplet:

e balance equations
e constitutive equations (3.33)
e kinematic equations
the last one is replaced by the condition that the complementary energy has to be stationary,
changing the triplet into:

e constitutive equations (3.34)

l e Dbalance equations
e complementary energy stationary
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When the equations in the triplet are successively evaluated the strategy of the force method
is followed. A stress field is assumed that still contains one or more redundants (statisch
onbepaalden), which is in equilibrium with the external load. Then the complementary energy
is a function of this stress field. By variation with respect to the redundants of this stress field,
the compatibility conditions are obtained, which are expressed in the stresses.

Example

The same example will be used as analysed by the displacement method in section 2.6. In that
example the truss was treated as a structure with two degrees of freedom. Here the truss will
be considered as a structure being statically indeterminate to first degree (see Fig. 3.8).

% :

©, ©) .3
sIno =—
5
E4,1 EEA,EZ cos05=i
5 5 5
a F F =94F
4 4
—FEA,—1
5775 £,

Fig. 3.8: Structure with two degrees of freedom.

For comparison, the calculation will firstly be carried out directly without the use of
variational methods.

Direct method
The same kinematic, constitutive and balance equations are used:

_ DU
b4
4u. 3u
& =——"24+=2 kinematic equations
27577 75 ( q )
5 Y
& =——
3
51
& ="M
4 EA
1 o .
g = aNZ (constitutive equations)
g=2 L
P 3E4
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4
Nl +gN2 =Fx

3 (balance equations)
§N2 + N,=F,

The force method begins by setting up an internal force distribution that satisfies the balance
equations. The bar force N, is introduced as the redundant ¢ . Then the equilibrium equations
can be solved for N, and N,:

4 3
N1=Fx—§(/> ; Ny=9 N3=Fy—§¢>

Thus, the bars 1 and 3 form the statically determinate primary system. The deformations
follow from the constitutive equations:

1(5 1 1 (5
& =—|—-F - ; & =—@ 5 &=—|=F -
: EA(4 ¥ (pj 2= pa? ’ EA(3 y coj

Using a compatibility condition the redundant can be solved. The values of the three
deformations &, &, and &, cannot be changed independently. There is a dependency the
relation of which can be obtained from the kinematic equations, by elimination of the degrees
of freedom u, and u, . This can be done by addition of the three equations after they have
been multiplied by respectively the following factors:

5 )

This delivers:

16 9
—&—&+—¢&=0
25 25

In this compatibility condition the previously found relation between ¢, ¢,, &; and F, ¢ is
substituted:

1 [16(5 9(5 1 (4 3
— A2 2F —pl-p+—|2F -p|t=0 > —{ZF+2F -2¢}!=0
EA{25(4 ; (pj 4 25(3 v (p)} EA{S 57 (p}

So, for the redundant ¢ it follows:

2. 3
=ZF +=F
LORFEERETR

In this example the force components are:

F.=94F ; F, =58F
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Therefore:
¢ =55F
The normal forces then become:

4
N\ =94F ——p=50F ; N,=55F ; N3=58F—§(P=25F

This is the same solution as found by the displacement method. In this example the values for
u, and u, directly follow from the kinematic relations:

;gIJZL(ﬁF_ﬁFj:soﬂ
EA

4

u, =—

s 5 EA\ 2

u, _31e, =§li(@F—55FJ _os L
5 5 EAL 3 EA

Variational method

In the variational method the compatibility condition is replaced by the minimisation of the
complementary energy. Because no prescribed displacements different from zero are present,
it holds:

, h L

E, i = LNfder ! Nidx+ 1 Nidx
2E4, 2EA4, 2EA,
0 0 0

In this case the expression for the deformation work becomes:

151 4 Y4, 11 , 151 ( 3 j23
o ==——| F.——¢@ | =l+——@l+———|F —=¢ | =l —>
conpl 24EA(X 5(p) 5" 2 Ed” T 23 EA\ " T57) S

11 8 6
E,  =——F+F —|=F +=2F |p+2¢’
compl 2EA{ X y (5 X 5 yj¢ ¢}

Variation with respect to ¢ delivers:

OF
compl :li(_§}§ _g 7+4¢J=0
dp  2EA 5 5

where F, =95F and F, =58F , leading to:
@ =55F

This result was found by the direct method too. Therefore, the normal forces are the same too.
When the displacements are required as well, u, and u, can be considered as prescribed
displacements and F, and F, as support reactions. Then two extra redundants are introduced
and it can be written: ’
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compl —

N | —

/ 4 Y 3 Y

— N F——=¢| +¢’+| F —= ~uF -uF, —

EA{(XS(DJ v (“”5(0]} oy
1 5 5 8 6 X

Ecompl_EEA{(F;c +Fy)_(§F;+§ij¢+2¢ }—UXF;C—I/[yF;)

where ¢, F, and F, are the redundants.
Variation with respect to ¢, F, and F| respectively gives:

8 6 [ 4 [ 3
—|=F +=F |+49p=0 ; —|F.——¢|-u,=0 ; —|F ——¢|-u,=0
(5 TS y} 4 EA( 5(pJ EA( ! 5(pJ !

From the first relation, with F, =94F and F, =58F it follows again:

@ =55F
and from the second and third equation:

ux=50ﬂ ; uv=25ﬂ
EA : EA

3.7 Validity of the virtual complementary work equation

In the form given by (3.16), the complementary work equation is valid for both elastic and
plastic materials. After all, the constitutive equation has not been used in the derivation!
However, the complementary work equation is not valid for geometrical non-linear problems,
because in the derivation a linear kinematic equation has been assumed, see (3.12). So, this is
a restriction compared to the virtual work equation of chapter 2.

In summary, the principle of minimum complementary energy was obtained by assuming that

a unique relation exists between stresses and strains. Therefore, this principle is only valid for
elastic media. In addition, the principle is restricted to geometrical linear problems.
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4 The two theorems of Castigliano and the law of Maxwell

When an elastic body is loaded by a number of discrete forces and an identical number of
discrete displacements are associated with those forces, the minimum principles can be
formulated differently. The principles discussed in this chapter are called the first and second
theorem of Castigliano. Then from these theorems directly Maxwell’s law of reciprocal
deflections can be derived.

i

ul‘l
15

F, u,
— >

%2

u

Fig. 4.1: Body subjected to external forces and/or displacements.

In the derivation of the theorems, the distributed volume load P and the distributed surface
load p are not considered, only concentrated forces and displacements are taken into account
(see Fig. 4.1). Likewise, concentrated moments can be considered together with the
corresponding rotations. Generally one may speak about a discrete number of generalised
forces with a matching number of generalised displacements.

4.1 The first theorem of Castigliano

The elastic construction is loaded by n forces F,F,,---,F, in different arbitrary directions.
The displacements in those directions are respectively u,,u,,---,u, . The potential energy for
the structure consists out of a contribution £ of the internal deformation energy and a
contribution E, of the position of the external load, i.e.:

Epot =E5+Ep (41)

The internal energy E is a function of the strains & of the structure:

E = J:[I "(&)dV 4.2)
14

The kinematic relations relate the strains ¢ to the displacements u,,u,,---,u, , transforming
E_ into an expression of the displacements:
E =E (u,u,,--,u,) (4.3)

>%n

In the example of section 2.4 this was already demonstrated.
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For a discrete number of forces, the external energy £, holds:

E, =-Fu —Fu,—-—Fu (4.4)

The total potential energy is the sum of the contributions (4.3) and (4.4):

B = E (Ut oosu,) = Fogy = Fouy, = -+ = Fu (4.5)

n-—n

The potential energy has to become stationary for variations of each of the discrete
displacements u, :

o aEPOt C aEc
5qm=257;—&@=0-» SEp= S F |61, =0 (4.6)

= i =1 \ i

From this relation, directly the first theorem of Castigliano can be obtained:

F === 4.7)

Actually, the example in section 2.4 was already an application of this theorem.

4.2 The second theorem of Castigliano

Again a set of forces F,, F,,---,F and the associated displacements u,,u,,---,u, are
considered. In the previous section, the concept was used that forces are applied (cause) and
the displacements follow (effect). In this case the displacements will be prescribed (cause)
and the forces are resulting support reactions (effect). The complementary energy of the
structure consists out of an internal volume part £, and an external surface part £’ on the
surface S, :

E

compl

=E +E° (4.8)

The volume part of E

comp

E = j]]}z(a)dV (4.9)
V

Since these stresses satisfy the balance equations a relation is established between the stresses
o and the forces F,F,,---,F, . This means that £ is a function of those forces:

, 1s a function of the stresses o in the structure:

E =E.(F.,F,,.F,) (4.10)

This already was shown in the example of section 3.4.
The complementary energy E. on the surface can now directly be written as:
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E'=—uF —u,F,— - —uF (4.11)

The total complementary energy is the sum of the contributions (4.10) and (4.11):

E

compl

= E,(F.Fy o F) =~ F, — - —u, F, @.12)

n-n

The complementary energy has to become stationary for variations of each of the discrete
forces F;:

"\ OF C
5E _Z compl 5E:0 N §E _Z aE”—u,. 5E :0 (413)

compl — compl —
v 4 OF, v 4
i=1 z i=1

From this relation, directly the second theorem of Castigliano can be obtained:

OF
u, =—= 4.14
= oF (4.14)

Actually, the example in section 3.4 was already an application of this theorem.
For linear-elastic materials E, is equal to E| . Therefore, £ is often used but than as a
function of the stresses.

4.3 Maxwell’s law of reciprocal deflections

The restriction is made that only linear-elastic materials are considered and that geometrical
non-linear effects are excluded. Then the principle of superposition is applicable, and the
several resulting effects can be summed up. Every force can be written as a sum of the effects
of the (applied) displacements and every displacement can be written as a sum of the effects
of the (applied) forces. For the two forces F; and F; it is found:

Fo=kyu +kuy +-+ku, +ku, +-k,u

m-n

(4.15)
F,=kyu +ku,++ku+-ku+-k,u,
For the two displacements u, and u; it follows:
u, =y by +cp B+t +.“CijF;' +eeec, B (4.16)

u,=c Fi+c,F++c,F+-c,F+--c,F,

The quantities &, are stiffness terms and are the coefficients of the stiffness matrix K , which
relates the vector f containing all forces to the vector u containing all displacements:

f=Ku (4.17)
On the other hand, the flexibility terms ¢, are the coefficients of the flexibility or compliance

matrix C :
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u=Cf

The matrix C is the inverse of the matrix K .

(4.18)

Now it will be shown that K is symmetrical, i.e. it will be shown that &, is equal to k. On

basis of (4.15), for this two coefficients it respectively holds:

‘ oF,
o,

il J
Y Ou,

b

7 ou,

From the fist theorem of Castigliano for F; and F; it follows:

/ Ou,

ou,

1

Substitution of these relations in to (4.19) leads to:

O*FE O*FE

S . S

= ; k'i=
" Ou;ou " ou,lu,

Since the two right-hand sides are identical, it has been proved that:

(4.19)

(4.20)

(4.21)

(4.22)

Analogously it can be shown that the matrix € is symmetrical too, i.e. that ¢; is equal to c,.

On basis of (4.16) for these two coefficients it holds:
ou, ou,
S =70 0 CiT oo
y aF'j J aF;
The second theorem of Castigliano provides:

O, o,
u, = , u.=
oF, = oF,

Substitution of this result into (4.23) leads to:

O’E, O’E,
Cl.. = ; C P =
' OF0F, " OF,0F,

Since the two right-hand sides are identical, it has been proved that:
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(4.24)
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(4.26)

By convention this is called the law of Maxwell of reciprocal deflections.

4.4 Remarks

From a historical point of view it is not correct to attribute the second theorem of Castigliano
to Castigliano himself. He has derived the theorem only for linear-elastic systems (in 1873).
About the same time, Fransesco Grotti who was a friend of Castigliano provided the general
proposition (also) valid for non-linear systems. Independent of Grotti, Engesser has derived
the proposition in 1889. In both cases this theorem drew little attention, until Westergaard
rediscovered it in 1942.

In literature Maxwell’s law of reciprocal deflections is called the Law of Betti as well. Betti
has derived a similar relation in terms of energy.

4.5 Summary

From chapter 2 up to here a considerable number of equations, principles and laws have been
derived. In order to indicate the coherence and field of application, in the table below a
schematic overview is given.

field of application

Displacement method

force method

generally valid in spite of
the constitutive property

virtual work
equation

complementary virtual
work equation

for elastic materials

principle of minimum
potential energy

principle of minimum
complementary energy

restriction to

1** theorem of Castigliano

2" theorem of Castigliano

generalised forces F OE, OE,
.= u. =
" ou, ' OF,
further restriction to stiffness matrix flexibility matrix
linear-elastic systems O’E O*E
= c. = - ¢
! Ou,0u, ! OF0F,

law of Maxwell
k,.j =k r

law of Maxwell
c; =¢j;
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4.6 Application of stiffness and flexibility matrices

The two “recipes” for the determination of the quantities ¢, and k; will be applied to a
prismatic beam element, which is loaded at the ends by the moments M, and M, . These
moments are associated with the rotations ¢, and ¢,, respectively (see Fig. 4.2).

¢ M, I M, o,
(¢ l 2.9
[ N

'

Fig. 4.2: Beam subjected to bending.

Flexibility matrix
The moment distribution is linearly interpolated between M, and M, (see Fig. 4.3):

M(x)= (1-?}1\41 +§M2

The internal complementary energy equals:

E, M*(x)dx —
2E[
1 l xY lx X l xY
E =— (1——] Mfdx+2 _(1——jM1M2dx+ (—j Mzzdx -
2FEI [ [ / /
0 0 0
¢ : (1M2+1MM +1M2j
EI 6 6 6

From this it follows:

J V7

M,

M(x)=(1—§jM1+fM2 \

[

Fig. 4.3: Moment distribution along the beam.
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_azEc_ll . O°E, 17

= P — > Cpp = =
oM; 3 EI oM oM, 6 EI
O°E, 11 O’E, 11
(3M2(3M1 6 EI 8M2 3EI

The relation between rotations and moments is:
o L 1/ 3 1/ 6| |M,
o, EI 1/ 6 1/ 3| | M,

Stiffness matrix
Now the stiffness matrix will be derived by prescribing the displacement field w(x). For the
distribution w(x) the following function is chosen (see Fig. 4.4):

[

2

w(x)

Fig. 4.4: Deflection of beam.

w(x) = a, + a,x + a,x’ +a,x’
The coefficients a, up to a, can be determined from the four conditions:

w=0
x=0 = Jdw
-
w=0
x=l - Jdw
=

@

)

For w(x) it then is found:

2 2
X X X
w(x) X( z) ) l( zj ®

The curvature becomes:
4 6x 2 6x
K(x)=-w, = TR\ T )
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The internal energy equals:

/

E =—
*T2EI
0

KX (x)dx —
/ 5 / / .
1 4 6x 4 6x)(2 6x 2 6x
Eogg |35 a2 (-5 Flaeds [(5-5] ea -
0 0 h
EI
E, ==(20] -200, +20})

From this it follows:

O°E, EI O’E, EI
kyy = P > =4 ’ ki, = —=—2—
?, ! 0,0 !
O’E, EI O°E, EI
21 = =T 5 2 = 2 = 4_
0p,00, ! o, !

The relation between moments and rotations is:

M| EI 4 219

M, [ -2 4] |,
As expected, the product of the found stiffness and flexibility matrices appears to be equal to
the unit matrix, which means that they are each other’s inverse.

In this example a choice has been made for the distributions of M (x) and w(x). The
assumptions made were correct, because for a beam subjected to bending in the absence of a
distributed load along the beam, it holds:

d’M
dx*

d4w_

dx* 0

0 ; EI

The chosen interpolations satisfy these conditions.

4.7 Applications of the theorems of Castigliano

First theorem: example 1

The first theorem of Castigliano is just as the principle of minimum potential energy also
valid for elastic geometrical non-linear systems. For a change, such a problem is addressed in
this example.

Two horizontal bars AC and CB are considered, which are connected by a hinge (see Fig.
4.5). The points 4 and B are connected to static hinged supports. At point C a vertical force
F is applied, causing this point to be displaced by w.
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Fig. 4.5: Simply supported hinged bars.

The aim is to determine the relation between F and w.
In the deformed state the elongation e of each bar equals:

e=m—l:1£ 1+(%j2—1J

The ratio w/! is small compared to unity, this means that (w/ [ )2 < 1. Therefore, the square
root can be replaced by the following binomial series:

wY 1(wY
1+ =1+—= + -
(5 =13l7)

The elongation and the normal force then become:

EA
e=—— ; N=—e

21 [

Subsequently, the deformation energy for both bars follows from:

FooLE) 15,
‘ 21 4 [

Application of the first theorem of Castigliano provides:

F:dES:E_;‘lW3
dw |

w
Fig. 4.6: Relation between force and deflection.
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Which is the required relation between force F and displacement w. The load F' can only
be carried after the generation of a displacement w (see Fig. 4.6). In the initial state no force
can be carried since the curve is tangent to the w -axis. Further because of the nature of the
third-order curve, initially large displacements only provide small forces. For increasing
deformation the structure becomes stiffer.

Second theorem: Example 2

A uniformly distributed load /', as shown in Fig. 4.7, loads a prismatic beam on three
supports of equal span /. For this statically indeterminate problem to the first degree the
stress distribution will be obtained.

! L [ J
WHM¢H¢HHMHHH@HHMHH

Fig. 4.7: Uniformly loaded beam on three simple supports with redundant R.

The reaction R in the central support is introduced as the redundant. The moment line is the
superposition of a parabolic distribution caused by the distributed load f and a triangular
distribution caused by the reaction R .

At a distance x from the end, the moment in the left field equals:

M(x)=%fx(2]—x)—%Rx

The complementary energy becomes (for two fields):

/ /

2 2

E =2 lM—(x)abc =L (lfx(2l—x)—lej dx —
2 EI EI J\2 2

0 0

/ /

/
2 2
E = f x2(21—x)2d —ﬁ x2(21—x) dx + R X’dx —
2FE] 4FE]
0 0

© 4EI
0
2P 50 r
E = 2 - + R’
° 15EI 4 24FE1 /R 12E1

where no deformation energy caused by the transverse force has been taken into account.
Application of the second theorem of Castigliano delivers the displacement of the middle
support. Because this displacement is equal to zero it holds:
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dE

C

dR

So, in this case the second theorem of Castigliano is identical to the principle of minimum
deformation work. Differentiation of the complementary energy yields:

4 3
L
24FE1 6E1

R=0 —> R-= 2 Sl
4
Now the force distribution is known. The moment of the middle support becomes:
1
M(x=1)= 3 fl

One integration could have been avoided, if the following approach had been chosen:

/
E. = L M?(x)dx
EI
0

/ /
dE, 1 J‘zM(x)dZ\jlgx)dsz {fx(zz—x)—Rx}(—%dex=0 -

dR  EI EI
0 0
! ! 4 3
17 x*(20-x) dx+i Fdx=0 — —ii+lﬂ R=§ﬂ
2 El 2EI 24 EI 6 EI 4

Instead of R another choice for the redundant can be made, namely the moment M in the
beam at the middle support (see Fig. 4.8: M >0). Now the gap between the two beam parts
above the support has to be zero, i.¢.:

/ /
dE. _ d | 1 M*(x)dx _2 M(X)dezo
dM dM | EI EI dM

0 0

At distance x from the end it holds:

l L [ J
VHHHHHHHNTW¢HHHH¢HH¢

Fig. 4.8: Uniformly loaded beam on three simple supports with redundant M.
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M(x) =%fx(l—x)—§M

Substitution of this relation provides:

/ /
3
= lxz(l—x)dx+M2 X’dx |=0 — 2 £+M =0
Ely 1 )2 ) EI\ 24 3

0 0

Which shows that the gap caused by f is exactly compensated by the gap caused by M , so
compatibility is satisfied. From above relation it finally follows:

1
M =—fTI
2 f
Second theorem: Example 3
The second theorem of Castigliano is often used to calculate the stress distribution in arches.

In this example a circular ring is chosen, which is loaded by two opposite forces 2F as
shown in Fig. 4.9. This problem is statically indeterminate to the first degree. As the

?2F

¥ 2r ¢ ek
2F recosa r(l-cosa)

Fig. 4.9: Calculation of moment distribution in test ring.

redundant, the moment is introduced halfway the height of the ring. For reasons of symmetry
only a quarter of the ring needs to be considered. In the quadrant as drawn, the moment is
called positive if it causes tensile stresses at the inner side of the ring. It holds:

/2

1 1
M(@)=M —(1- F ; E=— |—M* d
() (1-cosa)r 5 .[EI (a)rda

c

0

The derivative with respect to M has to be zero, because the slope is zero at the end where
the moment M is applied:
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/2

E T | aray LD 4~
M~ EI M
0

The integral equals:

/2 7/2 /2
J.{M—(l—cosa)rF}da=O - M.[da—rF J'(l—cosa)da=0
0

0

ZM—(%—ler:O 5> M =(1—3er

0

2 T

Assignment
Prove with the second theorem of Castigliano that the displacement of the end in the direction
of F is equal to (7[2 —~ 8)Fr3/(47zE]) .
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5 Variational methods and differential equations

The variational methods for potential and complementary energy can be used to derive
differential equations with corresponding dynamic boundary conditions. The principle of
minimum potential energy provides differential equations with respect to unknown
displacements and from the principle of minimum complementary energy differential
equations with respect to unknown stress functions can be obtained. Variational methods can
be used if the derivation of the differential equation by a direct method is not very transparent.
This chapter is confined to examples using the principle of minimum potential energy. In
addition only simple linear structures are considered, for which a direct solution is known as
well. This offers the advantage that the validity of the found results can be tested.

5.1 Beam subjected to extension (displacement method)

A prismatic beam is considered with a continuous axial stiffness £4 as shown in Fig. 5.1. At
end 1 the beam is restrained. Along the beam a distributed load f(x) per unit of length is
acting. At end 2 an external concentrated force F, is applied.

J—>F S u(x) FE uw N
1 —_— —> 2| - —>
N[l
1 ¢ c

Fig. 5.1: Bar loaded by a tensile force.

The question now is to set up the balance equation together with the dynamic boundary
condition at end 2 and to express these in the displacement field u(x).

Direct method
The triplet of equations reads:

E=u, (kinematic equation)
N=FAe (constitutive equation) (5.1)
N, +f=0 (equilibrium equation)

Successive substitution in the direction of the arrow transforms the equilibrium equation into:

EdAu, +f=0 (5.2)

The dynamic boundary condition at end 2 between the internal normal force N, and the
external force F, reads:

~N, +F, =0
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With N = EAe and ¢ =u, this boundary condition becomes:

—Edu, +F,=0 (5.3)

Variational method
The expression for the potential energy equals:

2

2
1
E, = IENgdx— jfudx—ﬂuz
1 1

Together with N = E4A¢ and ¢ =u, this relation becomes an expression of the unknown
displacement field and the known external load:

2

2
J‘EA(u’x)2 dx — J‘fu dx—F,u, (54)
1

1

1
Epot ZE

More precisely formulated, the potential energy is a functional in which u . and u appear as
variables, which in their turn are functions of x. In short it can be written:

E, =E,(u,u;x) (5.5)

This quantity has to be stationary with respect to variations of the displacement field. The
variational process involves both du and its derivative ou . The variation ou is chosen such
that it is zero at the position where the displacement u is prescribed. In this case, this is end 1,
so it holds ou, =0 (see Fig. 5.2).

From the potential energy expression (5.5), the following variation can be derived:

oE . oE .
OFE,, =—ou, +—"=6u=0 (5.6)
ou, Ou
X S|
/l
~ ™~
u(x)
\\\\\\ u2
\\“v\\\\
ou(x) .. ¥
u N ALé‘uz

Fig. 5.2: Kinematically admissible displacement field.
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From (5.4) it can be found:

2 2
oF . 1 oF .
—20u == |2EAu ou dx ; —ZSu=- |fOudx—F,ou,=0
ou ) o ou

1 1

X

Which transforms (5.6) into:
2 2
OE,, = JEA u, ou, dx— J‘fé‘udx—Fzé‘u2 =0 (5.7
1

This expression will be rephrased such that in the right-hand side only ou appears and no
variation of the derivative du . This can be achieved by partial integration of the first
integral:

2 2
J‘(EA “,x)5“,x dx=- J‘EA u,oudx—EA u, ou, +EA u, ou,
1 1

Substitution of this result into (5.7) together with the condition that ou, is zero yields:

Ppoi

2
SE tz—J‘(EA u, +f)oudx—(~EAu, +F,)du, =0 (5.8)
1

If this relation has to be satisfied for every arbitrary kinematically allowable variation ou,
then for every position x along the beam it should hold:

EAu +f=0 (5.9)

and also at end 2:

~EAu, +F =0 (5.10)

These are exactly the same results as derived by the direct method in this section.

Solution

For the sake of completeness, a solution of the differential equation is given too. It is assumed
that the distributed load f is uniform and that the force F, is equal to zero. A particular
solution then is:

S

U(X) o = YTk
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The homogeneous solution equals:
u(x)hom = al + aZ‘x

From the total solution given by:

S
ux)=a +a,x——X
() =a+ax-—=r

The constants a, and a, are solved from the two boundary conditions:

x=0 - u =0 ; x=l —> FEAu, =0

This delivers:

Sl
| ! N k ! N
| 21 ¥ < 21 x
S
)
2EI 4
u N

Fig. 5.3: Deflection and normal force along the bar.

This means that as shown in Fig. 5.3 the functional relations of the displacement and normal
force are:

_SE(x_1x) — Edu_ = fi[1-%
u(x)_EA(l 212) ; N(x)=EAu, fl(l lj (5.11)

5.2 Beam subjected to bending (displacement method)

As shown in Fig. 5.4, again a prismatic beam is considered, now with a constant bending
stiffness EI . The beam is fixed at end 1. At that position, the kinematic boundary conditions
are that both the displacement and the slope are equal to zero. The external load consists out
of a distributed load f(x) per unit of length and a force F, and moment 7, at end 2 of the
beam.

The question now is to set up the balance equation together with the dynamic boundary
condition at end 2 and to express these in the displacement field u(x), which in this case is
perpendicular to the beam axis. It is assumed that the deformation caused by the transverse
force can be neglected.

64



T ” fj
1 2 lF D D
@uz

A x u(x 1
b ueo K
Fig. 5.4: Beam subjected to bending.

Direct method
The triplet of equations reads:

K=-u, (kinematic equation)

M =Elk (constitutive equation) (5.12)

M, +f=0 (equilibrium equation)

Successive substitution in the direction of the arrow transforms the equilibrium equation into:

—Elu,. +f=0 (5.13)

The two dynamic boundary conditions at end 2 are:
-V,+F,=0 ; M,+T,=0

With M =FElx, k =-u_ and V =M , these boundary conditions become:

Elu, +F,=0 ; —Elu, +T,=0 (5.14)

L XXX

Variational method
The expression for the potential energy equals:

= J%Mlcdx— jfudx—]’zuz—l’z(pz
1 1

Together with M = El x and x = —u_, this becomes an expression of the displacement field:

2

2
J‘E](u,m)zdx— Ifudx—guz—g¢2 (5.15)
1

1

1
pot 5
In short:
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E, =E,,(u,;u;x) (5.16)

The variation of this expression is:

oE . oE .
oE,, =—"06u +—o6u=0 (5.17)
ou ’ ou

XX

Together with (5.15) it can be derived:
2 2
oE,, = IE]u’xxé‘u’m dx — If&t dx—F,ou,—T,00, =0 (5.18)
1 1

In order to arrive at an expression only containing variations du and no variation of u , the
first integral of the right-hand side has to be partially integrated twice. The first partial
integration provides:

2 2
IEI u, ou, dx=-— IEI u,ou dc—FElu, ou, +Elu, ou,

Since the variation of u has to satisfy the kinematic boundary condition at end 1 (at that
position it holds ¢, =u , =0), the variation du  has to be zero and above expression
becomes:

2 2
IEI u, Ou, dx=- IEI u,Ou dx+Elu, op,

where it has been used that u , = d¢, .
Partial integration for the second time provides:

2 2
J‘EI u, ou, dx= J‘EI U, oudx+Elu, ou —Elu, ou,+Elu, op,
1 1

In the right-hand side ou, is equal to zero because u, is prescribed. Substitution of this result
into (5.18) yields:

2
SE,, =- J‘(—E]u,mx + f)oudx~(Elu,, +F,)ou,~(~Elu, +T,)5p, =0 (5.19)
1

This relation only can be satisfied for all variations if along the beam it holds:
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—Elu, . +f=0 (5.20)

and also at the end 2:

Elu, +F,=0 ; —Elu_+T,=0 (5.21)

XXX,

These are exactly the same results as derived by the direct method in this section.

Solution
Also in this case a solution is provided for a uniformly distributed load f . At end 2 the force
F, and the moment 7, are set to zero. A particular solution then is:

S

M(X)pan = ﬁx

The homogeneous solution equals:
u(x),,, = a +a,x +ax’ +a,x’

From the total solution given by:

u(x)=a, +a,x+ax’ +ax’ + SuE] X

The constants «,, a,, a, and a, are solved from the four boundary conditions:

u, =0 Elu =0
x=0 - ; x=[ — ’
u,=0 Elu, =0

This delivers:

L [

a=0 ; a=0 ;, a=—"— ; a,=
! ? Y. Y 6EI

So that as displayed in Fig. 5.5, the required displacement function becomes:

1
X _Eﬂ\ X X

S 1l
8E]
u M V
| ! N | ! N I ! N
| 2 | A < 2

Fig. 5.5: Deflection, moment and shear force along the beam.
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From which it follows:

2
M(x)=—Elu_ = [T’ (—% +§—%’;—2j

The derivative of which equals:

V(x)=M = ﬂ(l —%]
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6 Approximated solutions

In chapter 2, the concept of weighted residuals was introduced where the equilibrium equation
was replaced by the following requirement:

J“”.Ré‘udV+ jjré'udS=0 (6.1)
V S

P

This condition has to be satisfied for every kinematically admissible variation du , which is
only the case if R is zero in all point of the volume V' and 7 is zero in all points of the
surface S - Therefore, the fulfilment of this condition delivers the exact solution.

The same idea holds for the replacement of the compatibility condition in chapter 3 by the
requirement that:

IJIR5GdV+ jjré‘pdS=O (6.2)
V S

u

This condition has to be satisfied for all statically admissible variations do . This again means
that R is zero in all points of V' and r is zero in all points of S, and also in this case the
exact solution is obtained.

The replacing functional conditions (6.1) and (6.2) do not necessarily have to be utilised to
obtain the exact solution. They also offer the possibility to generate approximated solutions.
This can be achieved as follows. In chapter 2 and 3, the replacing functional conditions are
converted and reduced to the minimum of potential energy and the minimum of
complementary energy. In both cases, the condition is that a functional /(x,y,z) has to be
minimised, i.e.:

I(x,y,z) = minimal (6.3)

For the principle of minimum potential energy the functional / is equal to E,, and for the
principle of minimum complementary energy the functional 7 is equal to E,,, . The
minimisation of £, and E_, , provides the solutions of u(x,y,z) and o(x,y,z),
respectively. In general, the solution is indicated by s(x, y,z). When a method of
approximation is applied, the solution is written as the sum of a finite number ( # ) of separate

functions:

n

s(x,y,z)= Z ab,(x,y,z) (6.4)

i=1

where g, is the participation factor for the function b,(x,y,z).

Every function has to satisfy the imposed conditions. In the displacement method s(x, y,z)
represents the displacement field. For this field, the requirement holds that it has to be
compatible in V', and that it has to satisfy the kinematic boundary conditions on S, . In the
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force method s(x, y,z) represents the stress field. For this field, the condition of equilibrium
in V' holds, and that the dynamic boundary conditions are satisfied on §,.

The still unknown parameters a, can be solved by substitution of s(x, y,z) into /(x,y,z),
followed by the minimisation of /(x, y,z) under the condition that for each of the parameters
the requirement holds that:

ol(x,y,z) _
oa.

1

0 (6.5)

This exercise provides a number of equations equal to the amount of unknown parameters.
Generally, not the exact minimum value of the functional /(x,y,z) shall be found, but a
neighbouring (algebraically) larger value. In the case that the exact solution indeed is found,
the collection of functions in (6.4) is called a complete set. In coming sections this will be
elucidated by a number of examples from the displacement method. A beam submitted to
extension and bending will be discussed. For these linear structures it is also quite simple to
find the exact solution. However, it should be clear that in practice the method is applied only
if it is very difficult or impossible to determine the exact solution.

In order to interpret what exactly is happening, the following can be reflected on. When the
solution is obtained from a complete set of functions, the exact solution will be found and for
this exact solution the residuals R and r in (6.1) and (6.2) will be zero in every point of the
volume V' and in every point of the surface S, or S, , respectively. When the solution is not a
complete set of functions, R and r do not become zero in all points of V" and S, or §,,
respectively. The zeroing of the residuals is achieved only in average sense, and weighted
over the volume V' and the surface S, or S, , the respective residuals will be zero. This
weighting procedure takes place through variations of the used finite set of functions.

The method is most frequently applied in connection with the displacement method. Quite old
and well known are the methods of Rayleigh (1870) and/or Ritz (1908). A more modern
version is the finite element method (FEM). This method became popular (again) with the
development of the computer capacity.

6.1 Beam subjected to extension (displacement method)

A prismatic cantilever beam is considered with axial stiffness £4 as shown in Fig.6.1. Along
the beam a uniformly distributed load f per unit of length is acting. The displacement u(x)

and normal force N(x) along the beam will be determined twice, firstly with one parameter

a, and secondly with two parameters g, and a,.

N
f
——— ——— — —>
' ” x = u(x)
| [ X EA
[ 7

g

Fig. 6.1: Bar subjected to a uniformly distributed load in axial direction.
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Solution with one parameter
In this case the function u(x) becomes:

u(x) = a, by(x)

For b,(x) the function x/! is chosen. This function satisfies the kinematic boundary condition
of zero displacement at the restrained end x = 0, i.e. (see Fig.6.2):

.
VS

Fig. 6.2: Kinematically admissible displacement field.

u(x)= alf

The strain equals:

and the normal force:
EA
N = EA E= Tal

The potential energy is:

/ /
EA 1 EA

/ /
E L Nedx— fua’)c—l ——a dx— faidx———a —lfla
) 2 ) ro2 2
0 0 0 0

Variation with respect to a, delivers:

EA 1
§Ep0t = (Tal —5

fljé'a1 =0 - ETAal—%fl=0

From which it follows:

_1/
2 EA

a,
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The displacement and normal force become:

1 f1 1
——L"x . Nx)=Edu =—fI
u(x) v X (x) u, 2f

In the drawings of Fig. 6.3 this solution is compared with the exact one of section 5.1. It can
be seen that the approximation of the displacement is reasonable. At the end, even the exact
displacement is predicted. However, the normal force is only calculated properly at the
middle of the beam.

VS

2FA

exact
N

Fig. 6.3: Deflection and normal force along the bar for one parameter.

Solution with two parameters
An extra function (x//)” is added to the displacement field:

2
X

—+612—2

) [

u(x) =aq
The strain equals:

E=u, =l(a1+2a2£j
o [

and the normal force:
N :EA5=%(% +2a2§j

The potential energy is:

! ! ! !
1 EA xY x x’
E,, =3 IEAgz dx— J‘fudxzﬁ I(al +2a27j dx— If[%?"‘azl_z}lx -
O

2

EA a +4aazl—i-4a2 lszx f [ —+a, lszx -

pot 2[2
EA(1 2 1 1
E,, :T(Eaf +a,a, +§a22j—fl(5al +§a2j
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Variation with respect to g, and a, delivers:

oF oE
OE  =—ba, + 8p oa,=0 —

pot
a

§Epm=(%(al+a2 fl oa, + [E; —1——a2 %ﬂjb‘az:O -

EA 1 4 1
Fara)=gn i EHarge)gm

From which it follows:

_Ir L fr

a, = ;a4
EA 2 FEA

The solution for the displacement and normal force become:

fﬂ[ 1 x?

73 ) ; N(x):EAu,xzﬂ(l—éJ

u =TT

This is the exact solution, which means that for this simple example obviously the complete
set of functions was used (see Fig. 6.4).

[ )

™
VS
VS

2
/1 £l
2EA

u N

Fig. 6.4: Deflection and normal force along the bar for two parameters.

6.2 Beam subjected to bending (displacement method)

Again the beam is prismatic with flexural stiffness £/ and length /. As shown in Fig. 6.5, a
distributed load is applied perpendicular to the beam axis. In this example the displacement

M

L b

T 7x llu(x)

EI

o

K

Fig. 6.5: Bar subjected to a uniformly distributed load in transverse direction.
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u(x) perpendicular to the beam axis will be calculated, as well as the internal moment M (x) .
This exercise is carried out for respectively one parameter q,, two parameters a,, a, and
three parameters a,, a,, a;.

Solution with one parameter
The displacement relation u(x) is given by:

u(x) = a, b,(x)

For b,(x) the function (x/ [ ) is chosen. The linear function is not considered because it
describes a rigid body movement without causing any deformations. The function (x/ ) )
satisfies the kinematic boundary conditions at the fixed end, where both u and u , have to be
zero.

Thus, the displacement field equals (Fig. 6.6):

w
N

u

Fig. 6.6: Kinematically admissible displacement field.

2
X
u(x)= all_z

The curvature becomes:

and the moment:

M=-Erc=-2EL,

12

The potential energy becomes:

/ / /

1 1 2EI 1
Epotzsz]Kde— jfudx=5IT 2a1 If a,—dx = : gfla1
0 0

Variation with respect to a, delivers:
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4ET 1 1 71
OE  =|—a, —=fl|0a,=0 —> a =—"—
””‘(13 13fj : " 12 EI
Therefore, the solution reads:
2

_JT
= m

The moment and transverse force are:
M(x)=-Elu, = —% f? 5 V(x)=M_ =0

Compared with the exact solution from section 5.2, the approximation of the displacement
field is not too good and the approximation of the moment is even worse. For the transverse
force no value at all has been found (see Fig. 6.7).

—fT 2] T
X —f12/6 %\““ | X _ X
f1* N2EI
fl4/8EI exact Sl //,,/ R
. exact
u M 4
| ! o | ! o L ! o
| 21 | > < g

Fig. 6.7: Deflection, moment and shear force for one parameter.

Solution with two parameters
A third order term is added to the displacement field:

2 3
X

X
u()c)=all—2+azl—3

The curvature now equals:

X

K=-u,= —%(2411 + 6a, 7}
and the moment:
M=Elx= —E—Z(Zal +6a, f}
/ /

The potential energy becomes:
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ty
Il

/ /
1 5 EI x
o = Elc’dx— |fudx= v 2a1+6a2 dx f +a2 7 dx —
0 0 0

l\)l»—‘

1 EI 1 1
E 251_3(4a12 +12a,a, +12a22)—fl(§a1 +Za2j
Variation with respect to g, and a, delivers:
ok, = (; f] (8611 12a2)—§flJ5al +(%%(12a1 +24a2)—%ﬂ)5a2 =0

The parameters become:

lfl4
4a, +6a, = 4 4
5 f1 1 f1
SEL| oS L
1fl4 24 EI 12 EI
6a,+12a, =
4 EI

Therefore, the solution reads:

4 2 3
12EI\ 2] l

The moment and transverse force are:

M(x)=-Elu, =%f12(—%+5] ; Vx)=M, =

J!
I 2

The deflection is already very accurate (at the end it is even exact). The moment is improved
and for the transverse force a value different from zero is found (see Fig. 6.8).

—f1? 21
. =Sz W . .
~ 1
ﬁt ™ ﬂ4/8EI exact j 11 /,i’
€xac 2 L=
fl /12 exact
u M V
| ! N| = ! S ! N
< 7 s 7 s 71

Fig. 6.8: Deflection, moment and shear force for two parameters.

Solution with three parameters
By adding a third parameter a fourth order polynomial is obtained:
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2 3 4
X

X
u(x)=all—2+azl—3+a3l—4

The curvature now equals:

1 2
K=-uU,= —1—2[201 + 6a, ; +12a, )ZC—ZJ

and the moment:

El X x’
M=FElkx = —I—Z[Zal + 661274' 1203 l—zj

The potential energy becomes:

/
IEI 2 3 4
2“1"‘6“2["‘12“3 IZJ dx—f +az)lc3 +a3);4]dx —

pot

0

E, = ;51(4%+12aa2+16aa3+12a2+36a2a3 124 j fl( a1+411a2+;a3J

Variation with respect to a,, a, and a, delivers:

4
4a,+ 6a,+ 8a, =11
3 EI
4 4 4 4
6a, +12a,+ 18a, = LWL - a = 1 ; az=—li ; ay = 1/
4 EI 4 EI 6 EI 24 EI
4
8a1+18a2+ﬁa3 10
5 5 EI
The solution reads:
4 1 2 1 3 1 4
=L x Ix, X
47 617 241
The moment and transverse force are:
M(x)=—Elu_ = fI x 1 V(x)=M —ﬂ(l—fj
o 2 1 2P)° o !

These are the exact solutions for u(x), M (x) and V' (x), which have been calculated earlier
in section 5.2. In this problem, three functions are sufficient to make the set of trial functions
complete. The addition of more functions (of a higher order) makes no sense. However, if this
still is done, than the calculated coefficients a; of these terms will be zero.
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The examples also clearly demonstrate that the approximation is worse as higher derivatives
are considered. The addition of higher order polynomials does not have a large effect on the
displacement field (no derivative), but does help in the improvement of the moment and
transverse force (second and third derivative).

6.3 Approximations for the stiffness and flexibility matrices

Now, the subject discussed in section 4.6 will be reconsidered. In that section the flexibility
and stiffness matrices were derived for a prismatic beam by making use of:

2 2
Cfl ; k= OE, (6.6)
oM oM | 0,09,

The procedure discussed above can also be used for finding approximations for the flexibility
and stiffness matrices. This will be shown for a tapered beam having a flexural stiffness,
EI(x), which is varying along the beam axis (see Fig. 6.9). At x=0 and at x =/ the flexural
stiffnesses are 2EI and EI , respectively. A linearly varying function is chosen:

_A_
7, Z 4

N

/I
/> X

Fig. 6.9: Tapered beam subjected to bending.

EI(x) = (2 - %} EI

Flexibility matrix
For the calculation of the flexibility matrix again the same procedure is applied:

M(x)= (1 - ;le + §M2 = b(X)M, +b,(x)M,

The complementary energy E_becomes:

2
i 1 )
—ldxM1M1+j ! dxM;

2
Lo ! (l_xj !X
[y L COpN. _axm+2 | L
2 JEIo T 2B V) (, x 5 i
0 0 _7 0 _7 0 _7
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The three integrals can be solved numerically by application of for example the trapezoidal
rule or Simpson’s rule. From the more accurate Simpson’s rule applied to one interval it is
found:

E =L(0.097M12 +0.113M,M, +0.137M)
EI

c

The components of the flexibility matrix are:

2 2 2
¢ =2 _oroal oo = 0E ozl o =05 goml
oM El oM oM, El oM El

In matrix notation:

o 0.194 0.113 | | M, .
o,]  EI10.113 0274 |M, .
Stiffness matrix

For the computation of the stiffness matrix again the following deflection function is chosen:

/

4 6x 2 6x
k(x)=-w, = TR\ )

The potential energy becomes:

w(x) = x(l —fj o +’“—(1 —§j¢2 =b(x) @, +b,() 9,

/

EI(x)x*(x)dx —

Again, the integrals can be determined analytically, but can also be obtained by a numerical
procedure. It follows:

E =%(3.50¢f ~3.000,p, +2.50¢; )

s

The components of the stiffness matrix become:
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2 2 2
k, = 0 E; = 7.002 ; k= Ok, = —3.00£ 5 ky = 0 E; = 5.002
o9 ! 09,09, [ op, !
In matrix notation:
M 7.00 -3.00
| _ B P (6.8)
M, [ |-3.00 5.00]| ¢,
If this relation is inverted, it is found:
0.192 0.115| (M
s l_J® 6.9)
EI0.115 0.269| (M, o,

This result should be identical to (6.7), but some discrepancies can be observed. This means
that at least one of the matrices is an approximation.
In the exact formulation, for the beam subjected to bending it holds:

d*M d? d*w
=0 ; —| El(x =0
dx? dx2£ ( )dxzj

Which confirms that the linear momentum distribution is exact and the third order function
for the deflection is not correct. The flexibility matrix given by (6.7) is the exact one, but the
stiffness matrix in (6.8) is an approximation. The exact stiffness matrix, which is the inverse
of the flexibility matrix in (6.7) equals:

M 6.78 -2.80
B i’ (6.10)
M, [ |-2.80 4.80| ¢,
It can be seen that the approximated stiffness matrix is quite good. The error in the terms on

the main diagonal is only 3 to 4 percent.

Remark 1

The approximated stiffness matrix is applied in modern computer programmes for sheet
pilings. The sheet pile wall is considered to be a flexural member on an elastic foundation.
The piling itself is prismatic but the subgrade modulus may vary along the piling.

Remark 2
The integrals in £, can be given a physical interpretation, by using the “moment-area”
concept. When only the moment M, is considered it can be written:

M(x) = (1 —?le

and the “reduced moment’:
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(-7

_M(x) 1) M,

“ T EI(x) (2 _xj El
/

When M, is considered to be an external load, then the support reaction following from this
load equals the angular deflection. At end 1 the support reaction is:

flo-ai-2)

and at node 2:

/
I{M req X ;}
0

So:

These results are in agreement with the previously found values of ¢, and c,,.

6.4 The method Ritz presented as finite element method

In the method Ritz the displacement u(x) is considered as a superposition of functions:
u(x) = Zai b (x) (6.11)

Each function b,(x) is defined over the entire volume of the structure and has to satisfy the
kinematic boundary conditions. Normally, considerably high-order and complex functions
b,(x) are used, so that a limited amount of degrees of freedom a, will do. This means that
only a small number of equations have to be solved.

With the rise of the computer, the solution of large systems of equations became possible.

New computational methods were developed such as the Finite Element Method (FEM). Now
deliberately a high number of degrees of freedom q, are defined, but very simple functions
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b,(x) are considered, called basis functions or shape functions. This concept will be
demonstrated for a bar subjected to extension. The actually smoothly distributed displacement
u(x) can be approximated by a polygon. In four points of the bar unknown displacement are
introduced as degrees of freedom, given by u,, u,, u, and u, (see Fig. 6.10). Between the

.1 .2 .3 4

u

Fig. 6.10: Displacement field approximated by a polygon.

points 1, 2, 3 and 4 the displacement is obtained by linear interpolation. The magnitudes of
u,, u,, u, and u, follow the requirement that the potential energy has to be stationary for
variations of these four degrees of freedom.

The in this way defined displacement field can be considered to be built up out of four “base
fields” called trial functions or test functions:

u b, (x) =u,bx) +u,b2(x)
10,b, (x) = 1,b2(x) + 1,b2(x)
1,by(x) = ;b2 (x) + ubH(x)
u,b,(x) = ub¥(x)

(6.12)

where the numbers in the rectangular frames refer to the fields between the respective points
as can be seen in Fig. 6.11. For the total displacement field it now can be written:

u(x) = Z wb (%) (6.13)

nodes

Again it can be seen that u(x) is the sum of a set of functions. However, in this case the shape
functions b,(x) are very simple. Each shape function is piecewise linear per element, has a
maximum value of unity and satisfies the kinematic boundary condition.

The total area of the structure is now divided in sub-areas, the so-called elements indicated by
framed numbers. In this example there are four elements. In the finite element method the
common boundary of two elements is called the element edge. On the element edges the
nodes or nodal points 1 up to 4 are situated.

As described above the displacement field is a summation of the contribution of the nodes and
a function b,(x), which may extend over more than one element. These contributions can be
reorganised such that the displacement field becomes a summation over the several elements
(also see Fig. 6.12):
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%?A %laal
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| |
[ |
u, ”
Uy
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| |
| l 1
u3
u,
u,
Fig. 6.11: The four trial functions. Fig. 6.12: Displacement fields in the elements.
u,b,(x)= B(x) ull
ub?(x) + 1,700 = {pP0x) BP0} [1] = BP0 u®
u,
w,b () + ub () = {500 b)) [ =B o® (6.19)
Us
wb 0 +ub(0) = b Biop [us] =BE0o
Uy
The total displacement field becomes:
u(x) = Z B(x) u* (6.15)

elements

The big advantage of this approach is that the potential energy can be calculated per element.
The total potential energy then becomes a simple addition of the elemental contributions:

b= Y L) 16)

pot
elements

Now, above-mentioned example with the four elements will be worked out further. For an
element e between the nodes / and r it holds (see Fig. 6.13):
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Fig. 6.13: Displacement field in an arbitrary element.

BO=1-= 5 b=
a a

The displacement becomes:

u(x) = Bx)u ={b/(x) /()] { } = B (o + B (), = (1 _i) w+Eu
u a a

Iz

The strain can be obtained by differentiation:

_du(x) 1.
e(x) = . —a( u,+u,)

The potential energy of the element equals:

a
E = lEAgzdx =lﬁ(—ul +ur)2
2 2 a
0

Introduction of the stiffness factor:

_Ed
a

K

provides:

E = %K(u,2 —2uu, + uf)

The potential energy of position of an axial distributed load f(x) equals:

Ej =~ jf(x)u(x) dx =~ jf(x) by (x)dx *u, - If(x) b,(x)dx*u,
0 0 0
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For constant f(x)= f it is found:

a

1

a
X X 1 1 1
ES=fu 1-—\dx— fu. \—dx=——fau,—— fau. =——Fu, ——Fu
P flJ‘( Clj f I I(l 2f ! 2f l; 2 ! 2 r
0 0

where F' = fa has been introduced.
The total potential energy of the element equals:

1 1 1
E, =E +E, =—K(u12—2u,u,+uf)——Fu1——Fur
2 2 2

pot

The elemental potential energies of the example become:

1 1
m _ 2
EY —EK(ul ) —EFul
Egz =%K(uf —2uu, +u2) —Fu, —%Fu2
E/(j)t =%K(u22 —2u,u, +u32) Fu, ——Fu,
EY = L1r (s :
ot ZE (u3 —2u3u4+u4) FLt3—5FLt4

Summation provides the total potential energy:

1 1
E,, :K(uf—uluz T TR TR T —u3u4+5uf -Flu +u, +u, +Eu4

Minimisation offers:

OE OF

2% = K (2u, —u,) -F=0 ; 20 = K (—uy +2uy; —u, )= F =0
ou, ou, 6.17)
aEpot K( 2 ) F O aEpot K( ) F/2 O .
=K(—u, +2u,—u,)-F=0 ; =K(—u, +u - =
auz 1 2 3 au4 3 4
In matrix notation this set of equations can be rewritten as:
2 -1 u, F
-1 2 -1 u| | F
K = (6.18)
-1 2 -1]|u F
-1 1] |u, F/2

providing the following solution:
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w)| ([35F/K

| _ 6.0F/K 6.19)
u,| |7.5F/K '

u,] |8.0F/K

The found displacement and the normal force distributions are shown in Fig. 6.14.

o
N | —
o0

Fig. 6.14: Calculated displacement and normal force distributions.

6.5 Finite Element Method on basis of the virtual work equation

The example with four elements as discussed in section 6.4 will be considered again. In this
case however, the principle of weighted residuals of Galerkin for the equilibrium will be used.
Again a volume load P and a surface load p at the end of the bar are introduced (also see
sections 2.2 and 2.3). The cross-sectional area of the bar is set to unity, i.e. 4=1. In the
nodes 1 up to 4 the internal stresses on the cut faces are o, up to o, . Fig. 6.15 shows the bar
divided into elements. The equilibrium equations valid inside the elements, on the cut faces
and on the end face of the bar are indicated as well.

The Galerkin condition incorporating all these equilibrium equations reads:

Wil a2 BE) 43
J‘(a, +P)§u dx + (o" +P)5u dx + J‘(q +P)5u dx + J‘(a, +P)§u dx +
0 0 0 0 (6.20)
. (—O'1 +al)5ul . (—0'2 +0'2)5u2 . (—0'3 +03)5u3 +(_G +p)5u4 0

(—al +O')5u1 (—0'2 +0')5u2 (—03 +0)5u3
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0',+P:0 G+P=O 0"+P:0 0"+P:0
—0'+0'1=0 —0'+0'2:0 —O'+O'3=0 0'+p=0
—0'1+0'=O —02+0'=0 —o-3+o-=0

Fig. 6.15: Governing equations of a bar divided into four elements.

The variation of the displacements is zero at the left end where the displacement is prescribed.
By partial integration for each of the four elements it holds:

i il
J‘o"@é'u dx =— jaé‘g dx — aglé'ui_l + al.mé'ul. (6.21)
0 0

This relation transforms the Galerkin condition into (all signs are changed):

4 all all
Z jaé‘gdx— jPéudx —pSu, =0 (6.22)
i=l\ ( 0
contibution of volume contribution of
summation over the 4 elements the edge S »

In the example of section 6.4 a realistic value of A4 is assumed and a uniformly distributed
line load f . No load at the free end of the bar is present. The integral condition then
becomes:

4 (do

all 4
> [ Noede- I fouds|=0 — (58 +5EY)=0 (6.23)
: 0

For element e situated between the nodes / and 7 it holds:
u(x) = [1 —fju, v Xu s Sun) = [1—ij5u, +Xsu
a a a a
1 1
e)=—(-u,+u,)  ; Se(x)=—(~0u +u,)
a a

N(x)= E—A(—ul +u,)
a
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The variation of the potential energies becomes:

a a a

a
OE; = J.N58dx = E—A(—u, + ur)l(—é'u, + 5ur)a = E—A(u, —u,)Su, +E—A(—u, + u,,)é‘u,‘
a
0

a a a
SE =—Jf5udx=—f J.(1—ij5uldx—fJ.%u,dx:—%faaul—%fwu,
a a
0 0 0

Substitution of K = EA/a and F = fa for one element it totally provides:
1 1
OE* =0E +0E, = K (u; —u,)Su, + K(—u, +u,)Su, _EF&‘z —EFé'u,

For the four elements of the example this delivers (note that u, =0 and du, =0:

SEV = +Ku,ou, —%Fé‘ul

SE? =K(U1 _”2)5“1 +K(_”1 + 11, ) S, _%F&‘l _%F&’@

SEP =K (u, —u,) Su, +K (—u, +u;) Su, —%Fé'u2 —%F5u3

1 1
SEY =K (uy —u, ) Suy +K (—u, +u,)Su, —;F§u3 —;F5u4 +

é'Ez{K(Zu1 —uZ)—F}é‘u1 +{K(—u1 + 2u, —u3)—F}5u2 +

—1—{K(—u2 + 2u, —u4)—F}§u3 +{K(—u3 +u4)—%F}5u4 =0

Since OF has to be zero for all allowable variations ou, up to ou,, all terms between braces
have to be zero. This provides the same relations as derived in the previous section by the
principle of minimum of potential energy (see (6.17) and the matrix equation (6.18)).

6.6 Epilogue

In the approach of the principle of minimum potential energy, the contribution of an element
can be written as:

B =5l wlf B Bl s 624

—EA/a  EAja | |u, fa/2

The Galerkin approach provided:

SE* ={Su, 5ur}{EA/a —EA/a} {u,}—{&t, 5ur}[fa/2}

—~EA/a  EAfa | |u, fa/2 (6.25)
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In matrix notation these relations read:

pot

E° =%uTKu—qu (6.26)
SE°=6u"Ku-o6u" f (6.27)

It can be seen that the stiffness matrix K as well as the nodal force vector f can be obtained
by both methods. Because an elastic system is involved, both methods lead to the same
answer.

However, The virtual work (Galerkin) approach has become more popular than the principle
of minimum potential energy. The advantage of the virtual work equation is especially
demonstrated in the application of non-linear and non-elastic material behaviour.
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7 Application of the Finite Element Method on a
one-dimensional system

In chapter 2 of the lecture notes “Direct Methods™ a bar subjected to extension was analysed,
which was spring supported in axial direction (see Fig. 7.1). The solution was determined by

T

Fig. 7.1: Spring-supported bar, which is uniformly loaded in axial direction.

both the displacement and the force method, in both cases for a large length /. The general
solution valid for any length / can be calculated by:

1 —x/A e’ -x'/A f
ux) =| ———e " ——e " +1 |— 7.1
) ( 1+e l+e k D
1 —x/2 e’ -x'/2
N(x)= —-e ' ———-e Af (7.2)
I+e™ I+e™
1 - :
S(X) = ——_Ze_x/ﬂ —e—_ze_x/i +1 f (73)
I+ l+e™
where:
u = displacement [m]
N = normal force [N]
s = spring load [N/m]
A= EA/k = characteristic length [m]
EA = extensional stiffness [N]
k = spring stiffness [N/m’]
a=I/A = dimensionless length [-]

When « > 1, the damping term with x" from the right side disappears. But when « ~ 1, this
term cannot be neglected. In Fig. 7.2 the solution has been drawn for « = 2J6 and & =2.
These exact solutions will be approximated by the finite element method. In section 7.1 this is
done with the principle of minimum potential energy and in section 7.2 the principle of
minimum complementary energy is used.
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[k
1 0.99
a=26 ___eeemm-- 0.73
Ta=2
X
N
A
f; 0.9999 a =26 : "long" bar
TN~ a=2 : "short" bar
0.96
X
= l N|
< 21

Fig. 7.2: Exact solutions for spring-supported bar.

7.1 Approximation by minimum of potential energy

The bar is divided into two elements. The degrees of freedom in the two nodes 1 and 2 are the
displacements u, and u,, respectively. The two elements are indicated by [1| and |2| (see Fig.
7.3). Inside the elements a linear field of displacements is assumed. A linear displacement
field is the simplest distribution that satisfies the kinematic boundary condition(s).

For the whole system it holds:

Y

— —> —> —>f—> —> —> —> —» | [Y

T

7, 7 N
a L a
I E= u’x
EA
0 1 2 &
S
ul
u2 e=u
k
e

Fig. 7.3: Division into two elements.
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/ / /
E, = "%EA&‘2 dx +"%ke2 dx —Ifudx (7.4)
0

0
energy in energy in  potential enrgy
the bar the springs of position

The potential energy consists out of three parts, namely the contribution of the bar, the
contribution of the springs and the contributions of the external load (position). These three
contributions will be obtained for each of the elements separately and summed up afterwards.

Element
The displacement and strain fields are (see Fig. 7.4):
” X
X
a u,
L a o
< >
Fig. 7.4: Displacement field of element 1.
u()=Zu, 5 a(x)=u, =" (7.5)
a a

The energy in the bar is:

a
2
E = |LE4s ax =1EA(ﬂj ¢« » | B-L1E, (7.6)
‘ 2 2 a © 2 a
0
The energy in the springs is:
a a 5
E = lku2 a’x=lkul2 (fj dx — E :lkaul2 (7.7)
‘ 2 2 a S 6
0 0
The energy of the external load is:
a a
x 1
E, =—"‘fua’)c=—fu1 Izdx - Ep=—5faul (7.8)
0 0
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Element
The displacement and strain fields are (see Fig. 7.5):

Fig. 7.5: Displacement field of element 2.

u(x)= (1——Jul+ u, ; 5(x)=u,x=l(—ul+u2)
a

a a

The energy in the bar is:

a
1 —u, +u 1 EA
i =5EA J'( ! 2j - E, =§—(uf—2ulu2+u§)
0

The energy in the springs is:

l\)|>—~

a
2
k—[{(l——jul+ uz} dx= — Es:éka(uf+ulu2+u§)
0

The energy of the external load is:

a

E,=—fu, J'(l——j x——fuzj dx — Ep:—%fa(ul+u2)
a
0 0

Total potential energy
The sum of all framed contributions equals:

EA 1 E4 1 1EA 1 2 1
E,, =(—+3k J +(——+gkaJulu2+(57+gkaJu2 —faul—zfau2

a a

This expression is stationary if the following is satisfied:
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OFE
=0 - (2E—A+§kaJul+(—E—A+%kaJu2:fa
a

0
a; | aA 1 A4 1 1 719
PL_0) > (—E—+—kaju1+(+E—+—kaju2 =—fa
ou, a 6 a 3 2
Division of (7.14) by ka and introduction of:
E4A 4
s 7.15
ka’® o’ (7.15)
where o just as in the exact solution, is defined by:
)
o =— 7.16
) (7.16)

provides the following two equations:

8 2 4 1 f 4 1 4 1 l1f
—+ =yt ——=t+=lu,= = |t U | St |, = 7.17
(oﬂ 3j : ( o’ 6) Pk ( o’ 6) : (az 3) 2k 717

A solution will be obtained for the same values of « , for which the exact solutions have been
determined as well:

a =26 behaviour as “long” bar

a=2 behaviour as “short” bar

“long” bar: a = 26
In this case from the relations in (7.17) it follows:

ulz ; u2_

The normal forces then become:

N:EAﬂzE_Aizi(lf) . N=EA(_ul+u2j:0
a a k a ’ a

For the ratio A/a it can be written:

A2A_2_ 1 _om

a | «a \/E

So, the normal forces can be simplified to:

NU=0412f ; NZ=0
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Both the displacement and normal force distributions are shown in Fig. 7.6.
L
[k

1 AT 0.99

exaciJ
0 1 1 B 5
N
Af
1
. exact
\\\\\%

0 1

Fig. 7.6: Comparison with exact solution.

\9)

“short” bar: a =2
Now the relations in (7.17) become:

5 f 5 4 1f

—U ——U, = ——U Uy, ==

3 6 k 6 3 2k

Solving the displacements provide:

S W AL Y VYA

T x0T 03k A

The normal forces are:

63 1 15 4
NI=22202f) 5 NE=—22(2
103a( 7) 103a( /)

For the ratio A/a it holds:

A_2_

a a

1

So, the normal forces can be simplified to:
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N =0614f ; NZ=0154f

In Fig. 7.7 both the displacement and normal force distribution are shown again.

u

G

0.76

N 0.73

N
Af
15 exact
0.96 /

0 1 2 ¥

Fig. 7.7: Comparison with exact solution.

7.2 Approximation by minimum of complementary energy

Similarly to section 7.1 two elements |1]| and |2| and two nodes 1 and 2 are used. Now a
stress field is defined such that equilibrium is satisfied. In this example this is done by
choosing two redundants ¢, and ¢, (see Fig. 7.8). For this structure this is the simplest
distribution that satisfies the equilibrium equations. The redundant ¢, is a constant distributed
load between element |1 l and the springs, and ¢, is the constant distributed load between
element |2| and the springs. In each point of the bar the value of the normal force N can be
expressed in ¢, @, and f . The spring loads s are equal to the local value of ¢.

The expression for the complementary energy reads:

1 N?
dx+ |——dx 7.18
compl J.z E A J. ( )
ener gy energy in
in bar springs

No displacement term can be found in above energy expression, because no prescribed
displacement different from zero is present. The two contributions of the bar and the springs
are calculated for each of the elements separately.
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.
o =/ EA
Il=200R000GAR0AE
7 T 0000 7,
a | a
[
N(x) resulting \
from f |2/ The normal force
Ja distribution
0 el *2 ¢ follows from the
equilibrium
- equation
N(x) resulting | (0, +9,)a .4 1
from ¢ L

Fig. 7.8: Introduction of redundants.

Element
The normal force field equals (see Fig. 7.9):

N(x) = fa(z—fj —¢1a(1 —fj —p.a (7.19)
a a

The energy in the bar is:

X
\ fa(l—f
a
2fa
fa fa
—(p+9,)a i o
/ —gﬂla(l—i)
a

L a o
< 2

Fig. 7.9: Normal force fields of element 1.
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L=L N*(x)dx —
2EA
0
a 2 a
1 X
E°=ﬁ fa’ J.(2——j dx-2fpa’ —"(2—;](1——}2% 2f o, J‘(2——]dx+
0 0 0
a ) a a
pla J.(l——j dx +2p,p,a° J‘(l—fjdxﬂo J‘d -
a
0 0 0
la I, )
YT f ——f(pl 34300+ P+ 0 (7.20)

jmmmﬁ

Fig. 7.10: Spring load.

The energy in the springs is (see Fig. 7.10):

a
I |s
E =— |—dx 2
<2 J.k S | p-lea (7.21)
0 2 k
S=¢
Element
The normal force field equals (see Fig. 7.11):
X
N(x)= a(f—goz)(l—zj (7.22)
X

—p,al1-—
a

Fig. 7.11: Normal force fields of element 2.
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The energy in the bar is:

a

S

2
Ech Nz(x)dx— 1—— dx —
2FEA
0 0
E =la—3(f2—2f(p +903)
‘ 6EA 2o

The energy in the springs is:

2
E=L %4 L | E-=
2 1k

c

0

Total complementary energy
The sum of all framed contributions equals:

1 2 a
Ewmpl ( f __f l __f¢2 2 ¢1¢2 3 §02J +%(_

Variation with respect to ¢, and ¢, provides:

OE, ’ ’ '
compl — 0 N [la_+gj¢l +la_ _éa_ = O

20, 384 k) T2 E4" 6 Ea
aE"compl 1 a 4 a a 11 Cl3
Tt g, L e e}, Ha

o, 2 EA 3EA k 6 EA

Multiplication of (7.26) and by EA/ @’ and introduction of:

EA 4

ka* o

where « is defined by:

provides the following two equations:

1 4 1 5 1 4 4 11
3Tt gf I ey py=—f
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(7.24)

(7.25)

(7.26)

(7.27)

(7.28)
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“long” bar: a = 26
In this case from the relations in (7.29) it follows:

1

1
205 _f 2

— ¢1=_f 5 ¢2:f
I E _ f 3
2(”1 27

The normal forces then become:
1
Nozgfa ; N,=N,=0
In order to compare this result with the exact solution the length a is expressed in A :
1,1
a=2l=-ai= V64 =2.462

So, the normal forces can be simplified to:
N,=082Af ; N, =N,=0

Above results are shown in Fig. 7.12.

A

0.99

0 1 2 X

Fig. 7.12: Comparison with exact solution.

“short” bar: a =2
Now the relations in (7.29) become:
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4 1
§¢1 5 :—f 7

> @ =—=f=036f ; @=—2f=0.71
1 Z ——f ?, 103f f ®, 103f f
RN

Solving the normal forces provide:

= ; NN=——fa ; N,=0
No 103f ! 103f ?

with a =aA/2 = A this becomes:

30
Ny=——fA=093f1 ; N,=——fA=029f1 ; N,=0
0 103f / = T03/ / 2

In Fig. 7.13 the graphical representation of these results can be found.

@

7y

exact 71 0.73

0 1 2 ¥

Fig. 7.13: Comparison with exact solution.

Calculation of the displacements

When the displacement u, in node 2 has to be determined, a (not known) force F, has to be
applied at that position (see Fig. 7.14). This force is incorporated in the derivation as extra
redundant together with ¢, and ¢, (when u, in node 1 has to be determined, a force F; has to
be applied in node 1; when both #, and u, have to be determined, both F; and F, have to be
applied).

The total complementary energy then becomes:
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F, u,
o I o —_—
-— -—
0 (1 (2
7
a L a
/
2fa Ta
F, F,
Normal force
distribution
—0,a
- ((01 + @, ) a

S~

Fig. 7.14: Calculation of displacements.

613(42 5 11 1, 1 22j a(lz 12j
E .=—|=f —~fo,—— +—@; +— +=@, |[+—| =@ +=0¢, |+
compl = T 3f 6f(/>1 6f(/>2 PR RN b BN

1
+— (2R fa* - Fpd’ = Fypa® + F1) = Fu, - (7.30)

Subsequently variation with respect to ¢,, @, and F, delivers three equations:

2 4 1 1 5
= + —p, - —F = =
(3 azj% 2§02 Pk 6f
1 4 4 1 11
S0t (§+?j(/’z - ;Fz = gf (7.31)
1 3 2 EA
5% 50 * ;Fz = ?uz—2f

For F, =0, the first two equations provide the same values for ¢, and ¢,. For u, it then
follows from the third equation:

1 3 2

1 3 a’ 2f——¢ -—p, |a
u,=(2f—-——p, —— = 1 2|
2 (f 2¢1 2¢2jEA 2k 2 4

For the “long” and “short” bar it respectively is found:
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2 2

a=206 —» 7~ =§f - u, e s/ (exact solution: u, = 0.9999
24k k k
p,= f
37
p=——f 2
a=2 103 - u,= Bfa 0.76i (exact solution: u, = 0.73i
B, 103 4 k k
77103

7.3 Epilogue

The results of both the displacement and the force methods are on the average calculated well.
In the chosen computational example only two elements were defined. By increasing the
amount of elements, the correspondence with the exact solution will become better.

In the displacement method the displacement u is calculated, followed by the calculation of
the normal force N and the spring load s.

In the force method, firstly the redundant ¢ (equal to the spring load s) is obtained followed
by the normal force N and displacement u .

In the displacement method the distribution of u (and therefore also s ) is linear, and is the
normal force N is constant per element.

In the force method this is quite the reverse. Then N is linear and ¢ (thus s) is constant
across each element.

Both the displacement and the force methods lead in the chosen example to approximated
solutions. In the displacement method the equilibrium x -direction will be violated, and in the
force method compatibility between the bar and the springs will not be satisfied.

That the equilibrium is not correct in the displacement method can be shown by calculation of
the normal force corresponding with the spring load s and comparison of this force with the
previously obtained solution. For both examples this is shown in Fig. 7.15.

N

Af .
N that corresponds with the calculated S

122}, / a=26

N calculated by displacement method

|O.41

N that corresponds with the calculated S

Af
1.021_ / /N calculated by displacement method a

2

Fig. 7.15: Violation of equilibrium.
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That compatibility is violated in the force method can clearly be seen, when the displacement
u of the springs resulting from the spring load s is compared with the displacement u in the
bar resulting from the normal force N, as shown in Fig. 7.16.

u that corresponds with the calculated N

u
u that corresponds with the calculated S (=
£k / p (=9) wo2Je
P | 1.00
L = 0.67
X
u u that corresponds with the calculated N
flk u that corresponds with the calculated S (= @) a=2
e 0.76
.- i 0.36 0.71
X

Fig. 7.16: Violation of compatibility.

A final remark should be made concerning the suitability of both methods for calculations on
a computer. The displacement method has the advantage that per element it is dealt with
degrees of freedom only belonging to that specific element. In the force method, the stress
state in an element is normally also depending on redundants defined in other elements, which
makes it difficult to programme a simple computer algorithm. For this reason the
displacement method is given preference above the force method in computer applications.
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8 Characteristics of the approximations

A linear-elastic system is considered loaded by » loads F; up to F,, with corresponding

displacements u, up to u,. The loads may be point loads but also generalised loads are
possible.

8.1 Displacement method

In the displacement method a displacement field is interpolated between the discrete degrees
of freedom u, up to u,. Doing so, a quadratic expression is found for the potential energy:

p

1
Ew=5uTKu—qu (8.1)

where u is the vector containing all discrete displacements and f* is the force vector. The
matrix K is a stiffness matrix. The forces f are given (and therefore exact), and the
(approximated) displacements u are to be found.

The potential energy is stationary if:

OF
a—'”f:o - Ku-f=0 —> Ku=f (8.2)
u

The stationary value of £, is:

1 1 1
E =—uKu—-uf=—u'Ku=——u" 8.3
ot 2 f 2 2 f ( )

p

where the term %uTK u is just the deformation energy. Generally, the exact minimum shall
not be found for the assumed displacement field but only a neighbouring approximation. For

E

pot

. " 1
) approximated minimum Eur f
\ / 1

\
* N \ﬁ v ,/ "
'\\ exact minimum

Fig. 8.1: Approximated and exact minimum of potential energy.

-

the term %ur f avalue is found which is too small, as shown in Fig. 8.1. Since f is fixed, as
arule u will be too small. It also can be said that the deformation energy is underestimated.
Because for the term %ur K u avalue is found that is too small.
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8.2 Force method

In the force method, the displacements u are considered given and the associated forces f
are calculated. On bases of equilibrium, a stress field is chosen that is corresponding with the
forces f (the redundants). In this case the complementary energy becomes a quadratic
expression:

By =3 17C 1~ 1" (8.4)

where C is the flexibility or compliance matrix. The displacements u are given and the
(approximated) forces f are to be found.
The complementary energy is stationary if:

OF
—ac;"”l=0 - Cf-u=0 > Cf=u (8.5)

The stationary value of E,,, , equals:

1 7 T __l T =_l T
Ewmpz—gf Cf-fu= 2f cf 2fu (8.6)

where the term 1 f'C f is just the deformation energy. Because a stress field has been
assumed the calculated value of 1 f"u will be too small as shown in Fig. 8.2. Therefore, it

. .. 1
approximated minimum — f’u

compl

~S~o-"-

'\\ exact minimum

Fig. 8.2: Approximated and exact minimum of complementary energy.

has to be concluded that for a given u a force f is calculated, which is too small. In other
words, when the correct load f is being used, the found displacements # will be too large.
This also means that the deformation energy L f'C f (=1 f'u) then will be too large.

8.3 Conclusion
In approximated solutions obtained by the principle of minimum potential energy, the

stiffness is overestimated. As a rule, the displacements are too small. Better expressed: the
deformation energy E, is underestimated.
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In approximated solutions obtained by the principle of minimum complementary energy, the
stiffness is underestimated. As a rule, the displacements are too large. Better expressed: the
deformation energy E, is overestimated.

force method

appr

displacement method

n

Fig. 8.3: Convergence of force method and displacement method towards exact solution.

When more and more elements # are used, meaning that the assumed displacement field or
the assumed stress field are in better agreement with the exact solution, the two
approximation methods will converge to the same exact solution. In this way an upper-bound
and a lower-bound solution encloses the exact solution (see Fig. 8.3).
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